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Abstract. We consider the Cauchy problem for wave maps m : K X Af — )■ 
TV, for Riemannian manifolds (M,g) and {N,h). We prove global existence 
and uniqueness for initial data, u[0] = (mo,«i), that is small in the critical 
norm if 2 X if 2-i(M;TAf), in the case {M,g) = (K^,g), where g is a small 
perturbation of the Euclidean metric. The proof follows the method introduced 
by Statah and Struwe in |31| for proving global existence and uniqueness of 
small data wave maps u : K X M"* —> N in the critical norm, for d > 4. In 
our argument we employ the Strichartz estimates for variable coefficient wave 
equations established by Metcalfe and Tataru in |24| . 



1. Introduction 

1.1. Wave Maps. Wave maps are the hyperbolic analogs of harmonic maps. They 
are defined as follows. Let (M, g) be a Riemannian manifold of dimension d. Denote 
by (M, rj) the Lorentzian manifold M = M x M. The metric rj is represented in local 
coordinates by 77 = i'Uap) — diag(— 1, g^j). Let {N,h) be a complete Riemannian 
manifold without boundary of dimension n. 

1.1.1. Intrinsic Definition. A map u : {M , rf) — > (N, h) is called a wave map if it 
is, formally, a critical point of the functional 



Here we view the differential, du, of the map u as a section of the vector bundle 
(r*M ® u*TN, 7] (X) u*h), where u*TN is the pullback of TN by u and u*h is the 
pullback metric. In local coordinates this becomes 



= i (r^{z)h,,{u{^))d^u\z)dpu^{z) ^\dz 
^ - 'm 



One can show that the Euler-Lagrange equations for C are given by 
(1.1) -^D^ (VWbf^df^u) = 
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where D is the pull-back covariant derivative on u*TN . In local coordinates on iV, 
writing u = {u^ , . . . , m"), we can rewrite (ll.ip as 

(1.2) □^w'^ = -?7"'5r^-(u)a„M*a^M^' 

where = — 9tfU+AgU and AgU = — ^=9Q(\/[g[g"'^9^it) is the Laplace-Beltami 



operator on M. T^^ = ^h''^{dihij + djha — dphij) are the ChristofFel symbols 
associated to the metric connection on N . 

1.1.2. Extrinsic Definition. Wave maps can also be defined extrinsically. This ap- 
proach is equivalent to the intrinsic approach, see for example |301 Chapter 1] . By 
the Nash-Moser embedding theorem there exists m S N large enough so that we 
can isometrically embed {N,h) ^ (M™, (•,•)), where (•, •) is the Euclidean scalar 
product. We can thus consider maps u : {M, rj) (R™, (•,•)) such that u{t, x) £ N 
for every {t, x) G M. Wave maps can then be defined formally as critical points of 
the functional 



IM 

One can show that u is a wave map if and only if u satisfies 

(1.3) _L T^N 
From this we can deduce that u satisfies 

(1.4) Ur,U = -iff^S(u){daU, dpu) 

where S is the second fundamental form of the embedding N ^ M™. One can 
formally establish energy conservation from the extrinsic definition (jl.Sp . Define 
the energy 



dx 



(1.5) E{u{t)) :^ i {\dtuf + \dMuf) /M , 

where by dMU we mean the differential of the map u{t) : M — s> R™. Observe that 
DjjU ± TuN implies that {DjjU,dtu) — 0. Hence we have 



= - / {D,ju,dtu), . V\g\dx 

IM 



{dtdtu,dtu), .^/\^\dx~ / lda{^/\g\g"-^di3u),dtu) dx 
M Jm ^ ' "(^) 



{\dtu\^ + \dMu\^^ \/\g\dx 



dt \2 

Integrating in time then gives E{u{t)) — E{u{0)) for any time t. 
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1.2. History and Overview. The wave maps equation has been studied exten- 
sively over the past several decades in the case of a flat background manifold, 
{M,g) = (R'^, {■,■)). In this case, ry is the Minkowksi metric on M}'^'^ and the 
intrinsic formulation (jl.ip becomes 

(1.6) Dad^u = 
The extrinsic formulation (jl.3p is given by 

(1.7) Du _L T„iV 

In this setup, wave maps are invariant under the scaling u{t,x) i— > ux{t,x) — 
u{Xt, Ax). This scaling is critical relative to x H^^^iW^) whereas the conserved 
energy, E{u), is critical relative to xL^(R'^). Hence the Cauchy problem for ()1.7|) 
is critical in x ij^^^(K'^) and energy critical when d — 2. 

We review some of the major developments in the theory of wave maps. In 
the energy super-critical case, c? > 3, Shatah in [2^ showed that self-similar blow- 
up can occur for solutions of finite energy. In the energy critical case, d = 2, 
there is no self similar blow-up as demonstrated by Shatah and Struwe in |30| . In 
the equivariant setting, Struwe proved in 32 that if blow-up does occur then the 
solution must converge, after rescaling, to a non-constant, co-rotational harmonic 
map. Recently, Krieger, Schlag, and Tataru in 22 and Rodnianski-Sterbenz in [28] 
have constructed finite energy wave maps u : R^+^ S'^ that blow up in finite time. 

The well-posedness theory for energy critical wave maps in the equivariant set- 
ting was developed by Christodoulou and Tahvildar-Zadeh in [3], [4], and by Shatah 
and Tahvildar-Zadeh in [33j |34) . In the non-equivariant case, Klainerman and 
Machedon in IT], [12], [13], [Ij, and Klainerman and Selberg in [16], [TT], estab- 
lished strong well-posedness in the subcritical norm 

ffs X with s > I by 

exploiting the null- form structure present in (|1.7p . 

The first major breakthrough in the critical theory, s — ^, was accomplished by 
Tataru in [IS] , [SD] , where he proved global well-posedness for smooth data that is 

small in the Besov space B21 ^ ^21 ^(K'^) for d>2. Then, in the groundbreaking 
work [39], [40], Tao proved global well-posedness for wave maps u : M}^'^ — >■ 
for smooth data that is small in the critical Sobolev norm Hi X Hi-^iR'^) for 
d > 2. Later, this result was extended to more general targets by Klainerman 
and Rodnianski in [15], by Krieger in [18], [19], [20], by Nahmod, Stefanov and 
Uhlenbeck in 25], by Shatah and Struwe in [31], and by Tataru in ^7], [48]. 

Finally, the large data, energy critical case has been undertaken in major works 
by Krieger and Schlag in pT], Sterbenz and Tataru in f37], [3S], and Tao in [1T ] -[T5 ] . 

The work of Shatah and Struwe in [31 constituted a significant simplification of 
Tao's argument in dimensions d > 4, and it is on the methods utilized in fST, that 
this present work is based. In [31] , Shatah and Struwe consider the Cauchy problem 
for wave maps u : R^+'^ N with initial data (uq, ui) e x iji-i(R'^, TN) that 
is small in the critical norm H2 X ff2-i(M<i, TiV) for d>4. The target manifold 
N is assumed to have bounded geometry. Their main result is a proof of the 
existence of a unique global solution, (m, u) G C°(R;iJ2) x C''(M; 2 -i)^ to the 
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aforementioned Cauchy problem. Existence is deduced by way of the following 
global a priori estimates for the differential, du, of the wave map: 



In order to prove the above estimates, the Coulomb frame is introduced as this 
allows one to derive a system of wave equations for du that is amenable to a Lorentz 
space version of the endpoint Strichartz estimates proved in [lOj . The connection 
form. A, associated to the Coulomb frame on the vector bundle u*TN appears in 
the nonlinearity of the wave equation for du, and estimates to control its size are 
crucial to the argument. The Coulomb gauge condition implies that A satisfies a 
certain elliptic equation, and it is this structure that enables the proof, for example, 
of the essential LjL^ estimates for A, see 31, Proposition 4.1]. 

In this paper, we consider the Cauchy problem for wave maps u : M x M — >■ N, 
where the background manifold {M, g) is no longer Euclidean space. We follow the 
same basic argument as in [31 and derive a wave equation for the u*TiV-valued 
1-form, du, using the Coulomb gauge as our choice of frame on u*TN. As the 
geometry of {M, g) is no longer trivial, the resulting equation for du is, in its most 
natural setting, an equation of 1-forms. In coordinates on M , we can rewrite the 
equation for du in components, obtaining a system of variable coefficient nonlinear 
wave equations. This is the content of Section |4l 

The main technical ingredients in p3T] are the estimates for the connection form 
A, and the endpoint Strichartz estimates for the wave equation used to control the 

LfHx nLjL'l'^ norm of du. In order to proceed as in [31], but now in the setting 
of a curved background manifold, we will need replacements for each of these items. 

In what follows, we restrict our attention to the case that the background man- 
ifold {M,g) is (M''',^), with g a small perturbation of the Euclidean metric, as in 
this case we have suitable replacements for the technical tools used in [31]. Here 
we view the equations for the components of connection form. A, as a system of 
variable coefficient elliptic equations and prove elliptic estimates via a perturbative 
argument, see Proposition [321 We employ several tools from the theory of Lorentz 
spaces to prove the crucial L\L^ estimates for A. 

In order to have suitable Strichartz estimates, we tailor our assumptions on 
the metric g so that the variable coefficient wave equations for du are of the type 
studied by Metcalfe and Tataru in [21]. We deduce a Lorentz refinement to the 
Strichartz estimates in [53] , see Section [5] below, which we use to prove global a 
priori estimates for du in Section [5] 

The global-in-time Strichartz estimates for variable coefficient wave equations 
in [23] that we use in the proof of the a priori estimates for du have emerged 
from Tataru's method of using phase space transforms and microfocal analysis 
to prove dispersive estimates for variable coefficient dispersive equations. In the 
case of the variable coefficient wave equation, the Bargmann transform is used 
to construct a parametrix that satisfies suitable dispersive estimates. Localized 
energy estimates are then used to control error terms when proving estimates for 
the variable coefficient operator. We refer the reader to [51] -[56] and of course 
to [23], for more details and history. A very brief summary is included in Section HI 



\\du\\ 
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Our main theorem is a global existence and uniqueness result for the Cauchy 
problem for wave maps in this setting, with data (uq, ui) that is small in the critical 
norm H2 X H---^{M,TN). The precise statement of the result is Theorem 11.11 
below. 

1.3. Acknowledgements. I would like to thank my advisor, Professor Wilhelm 
Schlag, for introducing me to the topic of wave maps and for his generous help, 
encouragement, and guidance related to this work. 

1.4. Notation. In what follows we will adopt the convention that / < 5 means 
that there exists a constant C > such that / < Cg. Similarly, f — g will mean 
that there exist constants c, C > such that cg < f < Cg. 

1.5. Geometric Framework. We set (M, g) = (M^, g) with g a small perturbation 
of the Euclidean metric on R*, satisfying the following assumptions: Let e > be 
a small constant, to be specified later. We will require 

(1-8) ||5-5o||l-<£ 
(1-9) \\dg\\L-.iiw^)<e 
(1-10) \\d^9\\L2.HR^)<e 
(1.11) Wd'^gWmM^) < ^ for fc > 3 

where go — diag(l, 1, 1, 1) is the Euclidean metric on M** and LP''^{M.'^) denotes 
the Lorentz space. Assumptions (|1.8p - (ll.lOI) are needed in order to prove the 
elliptic estimates for the connection form. A, associated to the Coulomb frame in 
Section 13.11 Note that these assumptions are consistent with, and are, in fact, 
stronger than the weak asymptotic flatness conditions specified in Metcalfe-Tataru 
in [23], namely 

(1-12) ^ sup \xf \d'^gix)\ + \x\ \dg{x)\ + \g{x) - go] < e 

This will justify our application in Section[5]of the Strichartz estimates for variable 
coefficient wave equations deduced in |24j . 

The assumptions in (|1.11|) are needed in order to establish the high regularity 
local theory for wave maps. This theory will be used in the existence argument in 
Section [71 

We will also record a few comments regarding the assumptions on the target 
manifold {N,h). We will assume that {N,h) is a smooth complete Riemannian 
manifold, without boundary that is isometrically embedded into M™. Following [31], 
we also assume that N has bounded geometry in the sense that the curvature tensor, 
i?, and the second fundamental form, S, of the embedding are bounded and all of 
their derivatives are bounded. 

In the argument that follows, we will assume that either N admits a parallelizable 
structure or that N is compact, as we will require a global orthonormal frame for 
TN in our argument. Such a frame does not, of course, exist for a general compact 
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manifold. However if N is compact, by an argument in [9], we can avoid this 
inconvenience by constructing a certain isometric embedding J : N ^ N where 
N is diffeomorphic to the flat torus T™ and admits an orthonormal frame. This 
embedding J is constructed so that w is a wave map if and only if the composition 
Jou is a wave map, see [9j Lemma 4.1.2] . This allows us to work with Jou : M N 
instead of with u. Hence we can assume without loss of generality that the target 
manifold N admits a global orthonormal frame e = (ei, ...,€„) for the tangent 
space TN. 

1.6. Main Result. In this paper, we study the Cauchy problem for wave maps. 
The initial data, {u,u)\t=o = (uo,ui), can either be viewed intrinsically or extrin- 
sically. In the extrinsic formulation, we will consider initial data 



by which we mean uo{x) € N ^ R™ and ui{x) £ T„p(a;)iV ^ for almost every 
xeM. Andwesaythat (mo,wi) G xiJ|-i(M; TA^) if mq G i?'*(M; R™) and ui G 
i7''"^(M;R™). The homogeneous spaces x H^~^{M;TN) are defined similarly. 
For the definition of the spaces iJ''(A/;R™) we refer the reader to Section [9?T1 or 
to [8]. 

To view the data intrinsically, we will put to use the parallelizable structure on 
TN. Let our initial data be given by (wo,wi) where uq : M —> N and wi : M — > 
UqTN with tti(x) G Ty^gi^^-^N. Observe that UqTN inherits a parallelizable structure 
from TN, see Section[3J and let e = (ei, . . . , e„) be an orthonormal frame for u*TN . 
Since duo : TM — >• u*TN we can find a u*TA^-valued 1-form go — q^^a such that 
duo = qgCa- Similarly we can find q° : Af R such that ui — qfca- We then say 
that (uo,"i) e X H^^\M;TN) if G H''-^{TM;R) and q1 G iJ'*-i(M;R) 
for each 1 < a < n. These norms are further discussed in Section 19.11 Again, the 
homogeneous versions X H^-^{M;TN) are defined similarly. 

In Section l3^ we show that if we choose the frame e to be the Coulomb frame, see 
Section [3l then the extrinsic and intrinsic approaches to defining the homogeneous 
Sobolev norms of our data (uo,ui) are equivalent. This will allow us to use both 
definitions interchangeably in the arguments that follow. 

Also in the appendix. Section 19.11 we show that the "covariant" Sobolev spaces 
H^iM ; N), with (M, g) = (R"*, g) with the metric g as in (frSjl - ifTTTTI ) are equivalent 
to the "flat" spaces iJ''((R'*, go); A^) with the Euclidean metric go on R"*. Hence in 
what follows we can, when convenient, ignore the non-Euclidean metric g for the 
purpose of estimating Sobolev norms, replacing covariant derivatives on M with 
partial derivatives and the volume form dvolg with the Euclidean volume form. 

We can now state the main theorem. 

Theorem 1.1. Let {N, h) he a smooth, complete, n-dimensional Riemannian man- 
ifold without boundary and with bounded geometry. Let {M,g) = (K'',^) with g as 
in ()1.8|) - (|l.lip and let {M,r]) = (R x M,r]) with rj = diag(— 1, g). Then there exists 
an Eq > such that for every (uq,ui) G x H^{{M, g);TN) such that 



(1.13) 



(uo,iii) G {M,g)-^TN 



(1.14) 



\\uo\\h2 + \\ui\\fj, < eo 
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there exists a unique global wave map, u : {M^rf) — (N,h), with initial data 
{u,u)\t=Q = (mo,wi), such that {u,u) e {R; H^M ; N)) x C°(m; H^{M;TN)). 
Moreover, u satisfies the global estimates 

(1.15) + \\M\lIli ^ £o- 

In addition, any higher regularity of the data is preserved. 

We will use a bootstrap argument to prove the global estimates (|1.15l) . In what 
follows we will make the assumption that there exists a time T such that for a wave 
map u with data (uo,iti) as in (jl.l4p . the estimates in (jl.lSp hold on the interval 
[0,r). That is, we have 

(1-16) \\du\\ Lo^^^o TyHi) + IMu||l2([o,t);L|) ^ eo 

We will use this assumption to prove the global-in-time estimates (ll.lSp . 

Remark 1.2. The local well-posedness theory for the high regularity Cauchy prob- 
lem for (|1.4[) is standard. For example, with {M,g) ~ {W^,g) for a smooth pertur- 
bation g as in (lL5)) - prTT|) . if we have data (wo,mi) G i?' x H''-'^{M;TN) for say, 
s > 4 = I + 2, then the Cauchy problem for (|1.4p is locally well-posed. This can be 
proved using energy estimates and a contraction argument. The proof relies on 
the fact that H^{M.'^) is an algebra for s > |, and can be found for example in |30| . 

Remark 1.3. We have only addressed the case d = 4 case here because this is the 
only dimension where we have applicable Strichartz estimates. In dimension 3, 
the endpoint L^L"^ estimate is forbidden. In higher dimensions, d > 4, the initial 
data is assumed to be small in H'^ x iJ"^^ with s — ^, but the estimates in [24] 
only apply when lower order terms are present if we have s = 2 or s = 1, see |24[ 
Corollary 5 and Theorem 6]. This leaves d = 4 as the only option, as here f = 2. 



2. Uniqueness 

We use the extrinsic formulation (11.41) of the wave maps system to prove unique- 
ness. The argument given for uniqueness in |31j adapts perfectly to our case and 
we reproduce it below for completeness. 

Suppose that {u, ii) and {v, v) are two solutions to (|1.4p of class H'^xH^{{W^, g); TN) 
such that 

(2.1) {u,u)\t=o = {v,v)\t=o 
In addition, assume that 

(2.2) IMulLfLl < OO, \\dv\\L2LS < oo 

Set w = u — V. Then w satisfies 

D„w = -Tj^^lSiu) - S{v)]{dc,u, dfiu) - ri°'I^S{v){daU + do,v,dpw) 
By considering the pairing (□^w, w) and integrating over M we obtain 
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■ / {r]"'^S{v){daU + daV,d^w),w) ^/\g\dx 
Jm.* 



+ 



= m+im 

Using that S and all of its derivatives are bounded we have 



\m\ < [ 



Iduf \w\ Idwl dx 



< \\du\\is\\wh4dwh^ 

< \\du\\Udw\\h 

with the last inequality following from the Sobolev embedding H^(E^) '->■ L'^(M^). 

To estimate II{t), we exploit the fact the S{u){-,-) e {T^N)-^ which gives 
{S{u){-, •), ut) = {S{v){-, ■),Vt) = 0. This implies that we can rewrite 

\(r]"'^S{v){daU + dav,d^w),tb)\ = \(r]°''^ S{v){daU + daV,d0w),u)\ 

= I (v^^ [S{v) - S{u)] {d^u + d^v, dpw), u) I 

< \{rj''^[S{v) - S{u)]{daU,d0W),u)\ 

+ \{rj^^[S{v)-S{u)]{d^v,di}w),u)\ 

< {\duf + \dvf) \w\ \dw\ 

Hence we have 



\im\ < iWduWls + \\dv\\ls)\\wh4dwh^ < (llrfullis + \\dv\\ls)\\dw\\l. 
Putting this together we have 

^|lM«'lli^<(IM«lli3 + IM«llis)l|rfHli2 

Integrating in t and applying Gronwall's inequality gives us the uniform estimate 



\\dw\\l^^. < \\dwmi..eMC{\\du\\i,^^,^ + WdvWi^^^s)) 
which implies uniqueness since dw{0) = 0. 
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3. Coulomb Frame & Elliptic Estimates 

We follow |31] by exploiting the gauge invariance of the wave maps problem and 
rephrasing the wave maps equation in terms of the Coulomb frame. As discussed 
in Section [TT5l we can, without loss of generality, assume that TN is parallelizable, 
and we choose a global orthonormal frame e = {el, . . . , e^}. If u : (M, r]) {N, h) 
is a smooth map, then we can pull back e to an orthonormal frame e = e o u of 
u*TN. Now, let B : R X M — > SO{n). With B we can rotate this frame over each 
point z G M X M and obtain a new frame e = (ei, . . . , e„), with Ca given by 

ea = B% 

Observe that we can express the M*TA^-valued 1-form du in this new frame by 
finding 1-forms — q^dx" where = u*h(daU, Ca), and writing 

(3.1) du = q^Ca 

For this frame e we have the associated connection form A. A — (A'^) is a matrix 
of 1-forms obtained in the following way. Civen the frame e, we obtain for each 
s G R a map 

Dea : r(r({s}xM)) — > T{u*TN) 
X ^ Dxea 

where D is the pull back connection on u*TN and where for a vector bundle 
E — >■ M, r{E) denotes the space of smooth sections. Equivalently, we can view 
Dea as a section of T*M ® u*TN . We can express this map in terms of the 
connection form A which can be viewed as the matrix of 1-forms so that 

Dea = Al®eb 
DeaiX) ^ Dxea ^ A'i{X)ei, 

Observe that this is the same as viewing Dea as a (J)-tensor on T*M <^u*TN M 
in the sense that Dea ■ TM x u*T*N ^ R is a bilinear map over C°°(M) . Then 
we have that 

Ai = u*h{A'i(g)ec,eb) 

where u*h is the metric on u*TN. In local coordinates, A^ is given by A^ ^dx" 
where the coefficients of A'^^ are defined hy A^ ^ = A'^{da)- Hence if X is given in 
local coordinates hy X — X"da we have that Dxea — X^A^ ^e^. 

One should also note that for a fixed coordinate a, the matrix {A^ ^) is antisym- 
metric. That is, A'^ ^ = —A^ ^. To see this, simply differentiate the orthogonality 
condition of our orthonormal frame, /i(ea, eb) — Sab- This gives 
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^ h{Dea,eb) + h{ea,Deb) 
= Ai + At 

The curvature tensor, F, on u*TN can be represented in term of the connection 
form A. Viewed as a 2-form, F is given hy F — dA + AaA. We can also represent 
F in terms of the curvature tensor on TN . In local coordinates, F is given by 
Fap = R{u){daU,dpu). 

As in [21 Lemma 4.1.3], we choose our rotation B so that at for each s S M, 
B{s, •) minimizes the functional 



P n 

= / E 9^^AlJs)Al,is)^\dx 



This gives us a frame e that we call the Coulomb frame. The Euler-Lagrange 
equations for this minimization problem are given by 



(3.2) ^a„(/Mg"^^^) = 

The above equation implies that SA — since the exterior co-differential, (5, on 
1-forms is given in local coordinates by 



(3.3) _M=^a„(VI<?|5"%) = 



Since the Hodge Laplacian A on M is given hy A = d6 + Sd, p.3p implies the 
following differential equation of 1-forms for A 



AA = 6dA 

Using the fact that the curvature form F satisfies F = dA + A A A we can rewrite 
the above equation for A as 

(3.4) AA = S{F - AA A) 

In local coordinates we can write this in components as 



(3.5) (AA)^ = -[V"(F- AA 

where V" = g^^Vp and V denotes the Levi-Civita connection on M. 

Observe that (13. 5p can be written as system of elliptic equations for the compo- 
nents of A in local coordinates on M. We record this fact in the following lemma: 
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Lemma 3.1. The components of A satisfy the following system of elliptic equations 

(3.6) g'^d,d,A^ - g'^V%d-,Ak + d^g'^d.A, ~ d^{g'^Y%)Ak 

^g''d,(F,^-{A,,A.\) 
where the r*j- = 55*^™ (digmj + djgim — dmgij) denote the Christoffel symbols on M . 
Proof. We first expand the left-hand side of (I3.5P 

(A^)-, [dSA)^ + [SdA)^ 

= -d^{g^^{VjA\)^g^^{V,dA),, 

= - {d-,g^=) (V,^), - g^^d, (9, A, - T%Au) 
- g'^ {dj{dA),^ - ^%{dA)k^ - r^,(dA).fc) 

= ^g^=d,d,A^ ~ [d^g'^) {V,A\+g^^d^ {T%Au) 
+ g^^T%{dA)u-, + g'-'T^^^{dA\u 
Similarly, we expand the right-hand side of 



-[V'(F - A A A)],^ - -g^^d, [F,^ - [A„ A^]) + g^^V% [Fk^ - [Ak,A^]) 

+ g'^T';^iF,k-[A,A,]) 

Equating the left and right hand sides and recalling that {dA)ij — Fij — [Ai,Aj] we 
have 

g'^d^djA^ + (d^g^^) {WjA), - g'^d^ (r^^O - g^'d, (F,^ - [A,,A^]) 
which is exactly p.6p . □ 



3.1. Connection Form Estimates. With the metric g as in (|1.8p - (|1.10p and e 
small enough, we can use the elliptic system (I3.6P to establish a variety of estimates 
for the connection form A. In particular, we can prove the following proposition 
which will be essential when deriving a priori estimates for wave maps. 

Proposition 3.2. Let (iV, h) be a n-dimensional manifold smoothly embedded in 
M™ with bounded geometry and a bounded parallelizable structure. Let m : (R x 
M^,77) -4 {N,h) be a smooth map with rj = diag{—l,g) and g as in (|1.8p - (|1.10p . 
Moreover, assume the bootstrap hypothesis, 

(3.7) sup \\du\\^i < So 

te[o,T) 

Then, for each t S M, there exists a unique frame e = (ei, . . . , Cn) for u*TN with 
the associated connection form. A, satisfying the uniform-in-time estimates 
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(^) WMl^ S \\du\\m <£o 

uw^^.i < \\du\\LA\du\\H^ 

(iv) ||a||l°o < iMw|ii8,2(R4) 

as long as Eq is small enough. Also, the frame e, and hence A, depend continuously 
on t. Above, L^'"^ — L^''^{W^) denotes the Lorentz space. 

The estimates are deduced via a perturbative method as the assumptions in (jl.Sp - 
(11.101) imply that the left hand side of p.6p is a slight perturbation of the flat Lapla- 
cian on R*. To simplify notation, in what follows we consider an elliptic operator 
of the form 

(3.8) L -.^ g'^ d^dj + V dj + c 
and the elliptic system 

(3.9) LAi = g'^d.G^i 
where Gu := Fa — [Ai,Ae], and b and c satisfy 

(3.10) \\b\\L^.^iM^)<e 

(3.11) I|56||l2,i(r4) <e 

(3.12) I|c||l2.i(r4) <e 

Since T^j — \g'^^{digij + djgu — digij), it is clear that the left-hand side of p.6p is 
essentially of this form. 

We begin by recalling some basic elliptic estimates. Let go denote the Euclidean 
metric on M"* and let Lq :— g^^ didj denote the flat Laplacian on R**. Then we have 

(3.13) UWy^s^,., < \\L,A\\^^,, 

for every s g R and for every 1 < p < oo. With p.l3p we can prove the following 
elliptic estimates for the connection form A. 

Lemma 3.3. Let A be the connection form associated to the Coulomb frame e. 
Then, if e is .small enough, we have the following uniform-in-time estimates 

(^) U\\w^..<\U,A]\\l. + \\F\\l. ifl<p<A 

ft^) \\A\\w2,,<\\[A,A]\\^,,, + \\F\\^,., ifl<p<2. 
where F denotes the curvature tensor on u*TN . 
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Proof. Let Lq and L be defined as above and write LA — LoA+{L — Lo)A. Hence, 

\\LA\\^.,, > \\LoA\\^.,, -\\{L- Lo)A\\^.,, 
We can use p.l3|) to obtain 



(3.14) < \\LA\y^,, + - Lo)A\\^.,, 

for every s G R and for 1 < p < cx). To prove (i), set s — —1 above to get 

WMw^.p ^ ll^^llw-i.p + ll(^ - Lo)A\\^.,,, 
< \\g-'dG\\^_,^^ + \\bdA\\^^,^, 



We claim that 



+ ||cA||^_i., + 11(5 1 



||5-'5G||^_,„ <||G||^, 
This foUows from the dual estimate 

(3.15) \\9-'f\\w^y < ll/IU^..' 

To prove p.lSp observe that we have 

||5-VL.v<||5(.9-V)|L.' 

<\\{dg-')f\\^,, + \\9-\df)\\^^, 

where the last inequality follows from (|1.9I) and the Sobolev embedding W^'P ^ L'" 
since we have - = — ^. Next, we assert that 

r p' 4 ' 

Wig-' - 5o"')a'^||^_,„ < e \\d'A\\^_,^^ < e 
Again, this follows from a duality argument. Observe that 
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11(5-' - 9o')f\\w^^.' < \\d{9-' - go')f\\w^..' + Wig-' - 9o')df\\w^. 



< 



Wdg-'hAlfh^' + \\{9-' - go')\\L^\\df\\L.' 



^ ell/llw/iv 

where the last inequahty is again due to (jl.Sp . (jl.9p . and Sobolev embedding since 
^ — y — J- To estimate p, we use Sobolev embedding, Holder's inequal- 

ity and ([fjOl - Indeed, 

\\bdA\U^,., < WbdAUs 



where - ^ - — j. Finally, we show that 



|c^llw-i.p ^ li^iiwi,? 

To see this, we again use Sobolev embedding and p.l2p to obtain 



< 



\c\\l4Ml^ 



< 



with ^ = 7 — J: 7 = ^ + 77 and 7 = ^ ^ Putting this all together we are able 
to conclude that 

For e small enough, this implies (i), since G = F — A A A. 

To prove (m) we set s = in (|3T4l) . and use (HH]), (|3?T0l) . ([3TT21) . and Sobolev 
embedding to obtain 

w^-p < h-'dG\\^^ + \\bdA\\^, + \\cA\\^, + \\{g-'~g^')d^A\\^^ 



\\dGh. + \\bh4dAU^ + \\ch4A\\ 



LP 



< 



\\G\\w^.p + e\\A\\^,,, 
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where — ~ and — — . This proves [ii] as long as e is smah enough. □ 

s p 4 r p A 

With the ehiptic estimates in Lemma [3.31 we can prove Proposition 13.21 ii). (ii) 
and (Hi). 

Proof of Provosition lS.^ (i). This wih fohow from Lemma 13.31 (i) with p — 2, a 
contraction argument at one fixed time, and then a bootstrap argument to conclude 
the uniform-in-time estimates. We note that this argument also proves the existence 
of a unique Coulomb frame e with the associated connection form A having small 
i"* norm. 

To carry out the contraction argument we fix a time and we set X to be the 
space 

X := {A e n L'^} 

with the norm 

\\A\\x:= \\AU^ + \\A\\^. 
Of course by Sobolev embedding we have \\A\\x < ||yl||^i. We set X^q to be 

X,„ ■.= {AeX: \\A\\x < eo} 

Define a map $ that associates to each A G X^g the solution A to the linear elliptic 
problem 

(3.16) LA,^g'^d,{F,e-[A,,A,]) 

The existence of such a solution follows easily by the method of continuity, the key 
estimate here being 

which was obtained in the course of proving Lemma 13.31 («) with p = 2. We will 
show that if Eq and ||(iu||^i are small enough, then $ : X^^^ and that $ is 

a contraction mapping on this space. To see that $ : X^^ — >■ X^^^ we use Sobolev 
embedding and Lemma 13.31 (i) to obtain 

\\A\\x<\\A\\^^<\\[A,A]h^. + \\Fh^ 

Recall that we can write F^p — R{u){daU, djju) where R is the Riemannian curva- 
ture tensor on N . Hence 

\\A\\x<\\A\\l^ + \\R\\LAdu\\l. 

<Ci\\A\\l+C2\\du\\l, <eo 

as long as Eq and are small enough. Next we show that $ : X^^ — >■ X^g is a 

contraction mapping. Let A^,A^ £ X^g and let A^,A^ be the associated solutions 
to ((XTC)) . Then A^ - is a solution to 
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L{A] - Aj) = 9^'^mA],Al] - [AlAj]) 
and hence we have estimates 

11^1 - A'Wx < \\A' - A'W^. < \\{A\A'] - [IM^IIU. 

< - I2||^,||li||^, + ||Ii „ a^l4A^l^ 

<eo\\A'-A4x 

which proves that $ is a contraction. Hence $ has a unique fixed point A ~ Alto) 
which solves p.9p such that 

\mo)\\L^<eo 

To obtain this estimate for all times t with a uniform constant we again use 
Lemma 13.31 {i) with p = 2 to obtain for any time 

\\Ah^<\\AU.<\\[AA]U. + \\FU. 

< \\A\\l. + \\du\\%. 

As long as \\du\\ is small enough we can use a bootstrap argument, with ||74(to)|| ^ 
£[) as our base case, to absorb the ||v4|||4 term on the left hand side and obtain 

for all times t, as desired. □ 

Proof of Propostion \3.B {ii) and {in). To prove (ii) we set p = | in Lemma [331 (i). 
giving 

\\A\\^.,s<\\[A,A]\\^s+\\F\\^s 

First we claim that \\[A, ^]||^| ^ £||^||^i,8 and this term can thus be absorbed on 
the left-hand side above. Indeed, 

\\[A,A]\\^s<\\AU4dAhs 

where the last inequality follows from Sobolev embedding and the previous estimate 
II^IU'' ^ ^- Next we recall that F — R{u){du, du) and hence we have 

Wn^i <\\du\\L4du\W <\\duUA\du\\H^ 
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Putting this together imphes gives 

as long as e is small enough. 

To prove {in) we proceed in a similar fashion. We set p = | in Lemma p.3p {ii). 
This gives 

\\M^.i<\u,m^.i + \\F\\^.i 

First we observe that || A] s < e||yl||^2,| and this term can thus be absorbed 
on the left-hand side above. In fact, 

\\[A,A]\\^,,s<\\AdA\\^s 

< \\Ah4dA\\^. 
^^o\\A\\^.,s 

where the last inequality follows from Sobolev embedding and the previous estimate 
11^11^4 < e. Next observe that 

djFajs = {dR{u)){djU,daU,dj3u) + R{u){djdaU,df;u) + R{u){daU,djdi3u) 
Hence by Sobolev embedding and the assumption that < Eq, 

\\9F\\^s < \\dR{u)\\L^\\du\\L4du\\L4du\\L- + \\R\\L^\\ddu\\L2\\du\\LS 

< \\du\\jfi\\du\\L8 
Putting this all together we have for small enough Eq that 

\\A\\^2.l <\\du\\^4duUs <\\duUs 
establishing (in). □ 

To prove the pointwise estimates for the connection form in Propostion l3.2l (iv). 
we will need a few facts about Lorentz Spaces, LP'^{S.'^), including Sobolev embed- 
ding for Lorentz spaces and the Calderon-Zygmund theorem for Lorentz spaces. 
These facts, along with a few others, are reviewed in the appendix, see Section [9.3l 

Now, again let Lq = didj be the flat Laplacian on and let K = be 

Q 

convolution with k{x) = — 2 j the fundamental solution for Lq in R*. We can then 
write 



A^ KLA + K{Lq- L)A 
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In order to prove Proposition 13.21 (iv), we will need the following preliminary 
estimates for dA. 

Lemma 3.4. Let A denote the connection form associated to the Coulomb frame 
as in Provosition \S.2[ Then, the following estimates hold uniformly in time: 

< \\du\\ls.2 + e\\A\\L^ 

Proof. With K, L and Lq as above, write 

A = KLA + K{Lo~L)A 

Then 

KLA = k* g'^d.Gj 
Then, formally, we have 

(3.17) da{KLA) ^ {^a^^k) * g'^Gj - (do^k) * {^^g'^)GJ 

Since, dadik is a Calderon-Zygmund kernel, we can use the Calderon-Zygmund 
theorem for Lorentz spaces, see Theorem 19.61 below, and Holder's inequality for 
Lorentz spaces, see Lemma [9.41 ii) below, to obtain 

\\{^o.^,k)*g'^G,\\L..^ < \W'G,\\L^,^ 

<\\[A,A]\\l... + \\FU... 

< Plli.,. + \\du\\l,^. 

Using the fact that i^''' C L^'" for r < s, Sobolev embedding for Lorentz spaces, 
see Lemma [931 below, and Proposition l3.2l (Hi), we have 

Then using the bootstrap assumption that <S 1 we can conclude that 

(3.18) \\A\\ls.2 < \\du\\LS < \\du\\LS.2 

Inserting this estimate above we can conclude that 



ll(a,a,fc)*5'JG,iU4.i < \\du\\ls.2 

Next, we can use Young's inequality for Lorentz spaces, see Lemma 19.41 (m) below, 
to show 
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<m9''\\L^.^\\G,\\L^.. 
<\\A^^.. + \\F\\r^... 
< \\du\\ls^. 

where above we have used (|1.9p . Now, to deal with the error term K{Lq — L)A, 
write (Lo - I^)A = e'^didjA - VdjA - cA where £^^{x) = gl'{x) - g'^{x). Then we 
have 

K{Lo ~ L)A = k* e'^d.djA -k* b^djA - k * cA 

= (d^k) * e'^djA - fc * {die'^)djA -k* VdjA -k*cA 
Hence, formally we have 

(3.19) dciK{Lo - L)A) = (9„9ifc) * e'^djA - (a„fc) * {die'^)djA 

- {dak) * VdjA - {dak) * cA 

And as before, we use the Calderon-Zygmund theorem on the first term on the 
right-hand side above to get 

\\{dam*e'^djA\\L... < \\e''d,A\\L.,. < e\\dA\\L^.. 

i 

We estimate the other three terms on the right-hand side of (|3.19p using Young's 
inequality for Lorentz spaces as follows 

\\{dak) * {d,e'^)d,A\\L^.i < \\dak\\^.,^me'^)djA\\L2.i 
< ||9,e'J"|U4.^||9,A|U4,i 
<e\\dA\\L..i 

the last inequality following from the fact that dis''^ ~ dig'^^ € L'^'°°. We also have 

\\dak*cA\\L.,i < \\dak\\^.^J\cA\\L2,r 

<\\c\M\Ml^ 



<e\\AU 
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Above we have used the fact that \dak\ ^ G L3'°°(M'*) and ||c||/^2.i < e, see 
Lemma [Ol [Hi) and p.l2p . And lastly, 



< 



lL4ool|9A|li4,i 



which follows by p.lOp . Putting this all together establishes that 

\\dA\\L..^ < \\du\\ls,. + s\\Ah^ + s\\dA\\L..i 
which, for small e, implies that 

\\dA\\L... < \\du\\ls.. + e\\A\\L^ 
as desired. □ 

Now we are able to prove Proposition p. 21) (iv). 

Proof of Provosition I S. S\ (iv). Since A = KLA + K{Lq — L)A, it suffices to show 
that for every t the following two estimates hold: 



(3.20) \\KLA\\l^ < \\du\ 



(3.21) \\K{Lo - L)A\\l^ < \\du\\ls.2 + s\\A\\l^ 

Observe that we can write 

KLA = /c * g'^d.Gj 
By Lemma [13] {Hi), we have that 

<\\[A,A]h.. + \\Fh.a 
<\\Mha + \\F\\U. 



< \\du\\ls.. 

where we have used p.lSp in the last inequality. Similarly, 
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\\k*{d,g'^)G,\\L^ < \\kh2^^\\d,g'^G,\\L2.. 

< ||a,<?'^"|U4.o.||G,|U4.i 

< l|G|U4,i 

^ IMw||ls,2 

This proves p.20p . To establish the error estimate (13.211) we again write 

K{Lo -L)A = k* e'^didjA ~k* b>djA - k * cA 

^^k * e*^djA - k * {^^e'^)^JA - (djk) * VA + k * {djly')A 
— k * cA 

(3.22) = d,k * e'^djA - djk * {die'^)A + k* {djd,e'^)A - {djk) * IP A 

+ k* {djlP)A - k*cA 

where as before e^^ = — g*^ . Now, we can use Lemma 13.41 to control the first 
term on the right above 

m*e^^d,AU^ < \\dM^iJ\e''d,Ah.^r 

<\\du\\ls..+e\\Ah^ 
The other terms in (|3.22l) are estimated as follows: 

\\d,k*{d,e^^)A\\L^ < ||9,fc||^4,„||(a.£^^)A|U4a 

3 

<e\\AU^ 
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We also have 

\\k^{d,d,e'^)\\L^ < \\k\\L2.^\\id,d,e'^)A\\L2.i 

<\\{dAe'n\\L^:4A\\L^ 
<e\\Ah^ 

The remaining terms are handled exactly in the same manner as these last two, 
using ((3?T0)) . ([3ll|) and ((3?T2l) as needed. This proves ((3?2T|) . Finally, putting 
everything together, we have 

PIUoo < WKLAWlo. + \\K{Lo - L)A\\l^ < \\du\\ls.. + e\\A\\L^ 
which, for e small enough, gives 

\\A\\l^ < \\du\\ls.. 

as claimed. □ 



3.2. Equivalence of Norms. In this section we again set {M,g) = {W^,g) with g 
as in (|1.8p - (|l.lip . Now that we have settled Proposition 13.21 we can show that in 
the case that e is the Coulomb frame, the extrinsic norms of du are equivalent 
to the intrinsic norms of g = q°'ea where q is defined, as in p. II) . by 

du = q'^Ca 

In the appendix. Section [13 we show using ([LS|) - ([rTT|) . that HI{{M,g);N) is 
equivalent to H^{{R'^ , go); N) and that Hi{{M, g); N) is equivalent to i/f ((M"*, go); N). 
Therefore, it suffices to ignore the perturbed metric g on and show that 

("^•23) ll'^'^llffj((R'':5o);Af) — ll9llffs((R4,go);Af) 

This will follow from Proposition 13.21 We proceed exactly as in '3T, Section 4.3]. 
We reproduce their argument here. For each t, since e is an orthonormal frame, we 
have 

4 

\duf = \qf = \qaf 

a=0 

This implies that for 1 < p < cxd that the norm of du is well defined and 
independent of the choice of frame and coincides with the "extrinsic" norm of 
du. However, this "gauge" independence is in general lost when we consider norms 
of higher derivatives of du as the connection form A appears when relating the 
intrinsic and extrinsic representations, and A, in general, cannot be controlled. In 
the case of the Coulomb frame, we can use the smallness provided by Proposition l3.2l 
to prove the desired equivalence of Sobolev norms. To see this, let '0 be a section 
of u*TN whose components in terms of the Coulomb frame e are given by 
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(3.24) ^ = Q°ea = Qe 

By the previous discussion we have HV^Hl^ = HQHl^. Recall that we can represent 
covariant derivatives of ip in terms of the extrinsic partial derivatives of tp and the 
second fundamental form by 

(3.25) dk^p = Dki> + Siu)idkU,^P) 
Using the representation p.24[) we also have 

(3.26) Dk^p ^ (dkQ + AQ)e 
Combining (|3.25p and p.26p . we obtain 

= dkQe + AQe + B{u){dkU, Qe) 

We can then use Proposition 13.21 (i), Sobolev embedding and the boundedness of 
the second fundamental form to obtain 

(3.27) WWl- - WdQUA < WAQWl- + WduQU- 

<{\\AU. + \\duU.)\\Q\W 
<e\\dQ\\L- 

This proves equivalence of the norms of Q and ij}. Interpolation then provides 
equivalence for the norms for all < s < 1. To conclude the equivalence of all 
the norms of q and du, we apply the above argument to "0 = S/^du for all ^ G N. 

Note that a similar argument also proves the equivalence of the norms of "0 
if we instead used covariant derivatives on u*TN . That is, we can also show that 

(3.28) pQIU. ^ WBQWl^ = |1Q||h1(m-^) ^ \\Q\\hI(M;N) 

We will use p.28p in Section [S] when we prove that higher regularity of wave maps 
is preserved by the evolution. 

4. Wave Equation for du 

In this section show that for any Riemannian manifold (M, g) , if u : K x M — > 
is a smooth wave map, then we can derive wave equations of 1-forms for du. The 
wave equations of 1-forms imply a system of variable coefficient wave equations for 
the components of du. We emphasize that the content of this section holds for any 
Riemannian manifold {M,g) and not just the special case {M,g) = (K^,g) with g 
as in ([T:8|) -(frTT |) . _ 

We begin by expressing du G r{T*M (g) u*TN) in terms of the Coulomb frame e 
as in Proposition [STll by finding M*TiV-valued one-forms q = qadx'^ so that 



(4.1) 



du = q'^ea 
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Here = u*h (daU, Ca)- Assuming that u is a wave map, we derive a wave equation 
of 1-forms for q. In what follows we let O = dS + Sd denote the Hodge Laplacian 
on p- forms over M — R x M , where d is the exterior derivative on M and S is the 
adjoint to d. 

Lemma 4.1. Let u : {M,ri) — > {N,h) be a smooth wave map. And let q — du 
he the representation of du in the Coulomb frame e as in (|4.ip . Then we have 
5q-^Al^r^ q-. 

Proof. This follows from the fact that m is a wave map. We have that u is wave 
map if and only if 



^^D^ (VWlv'^^Qpea 



Hence, we have 



Therefore, 



Oq — Aa,a V 9/3 

as desired. □ 

Lemma 4.2. Let u : (M , rj) (N, h) be a smooth map and let q = du be the 
representation of du in the Coulomb frame as in (|4.ip . Then we have dq'^ = —A^A 

Proof. First we claim that Da{dpu) — Dpidau) — 0. To see this recall that 

D^{dpuf = dc^dpu^ + T%{u)dc,u'df)u' 

Then the claim follows from the fact that dadfjU^ = dpdaU^ and the fact that 
T^- = rj-. The above implies that 

D^{q^pea)~Dp{q'^ea)=0 



Now, recalling that the A is the connection form for the frame e we have that 
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Q = D^{qleb)-Dp{ql et) 



- a^g^ + Al^ ql - Alp ql 



and the lemma follows. □ 

Lemma 14.21 shows that in local coordmates on M we have that {dq'^)ap dx" A 
dx^^ = {Al Aq'')pa dx'^ A dx^. We can abbreviate this by writing dq = —A A q. 
Hence, by Lemma |4. H and Lemma 14.21 we obtain the following equation for q 

(4.2) aq^d{'n''l'A^qp)+6{-AAq) 

This is a system of wave equations for the u*TN valued 1-form q. In coordinates 
we can express the operator 5 on a 2-form lo in terms of Levi-Civita connection, V, 
on R X M as follows 

(4.3) {5lo)p = -(V"cj)„0 

where Hence, in components, the equations for q become 

(4.4) {Uq)^ = d^irj'^^A^qp) + V"(A A <z)„^ 

By expanding the right-hand side of (|4.4p we obtain the following equation for q. 

Proposition 4.3. Let u : (M, ri) — > {N, h) he a smooth wave map. Let q — du be 
the representation of du in the Coulomb frame, e as in (|4.ip . Then q satisfies the 
following wave equation of 1- forms, written in components as 

(4.5) (Dq)^ = + A^ A" q^ + (V"A)„ q^ + 2A" (V„q)^ 
where F is the curvature tensor on u*TN . 



Remark 4.4. Proposition 14.31 essentiallv amounts to differentiating the wave map 
equation (II. ip and then expressing the result in terms of the Coulomb frame. We 
emphasize that in order to obtain (|4.5p we must begin with a wave map u. 

Proof. We begin by expanding the right-hand side of (|4.4p 

(Dq)^ = d^if]''^ A^qp) + \7"{AA q)^^ 

= {d^r^''P)A^qp r^{d,A^)qp + rj'^^ A^id^qp) + rj'^^ (V^A A q)^^ 



+ 77"^ (AAVpq) 



id^r,''^)A^qp +r,''^{d^A^)qp +7^''^A^{d^qp) +7j''^{VpA)^q^ 
- ry"^(V^A)^ q^ + 7f^A^{\/pq)^ - 7f^A^{\/pq)^ 
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Now, observe that 

ri°'^{d-yAa,)qi3 = daA-yq"' + F^^q'^ - A^A^q" + Aa^A^q" 
and by Lemma |4. II we have 

-r,"^A^iypqU = -A(V"g)„ = A^6q = A^A^q'^ 
Also, Lemma 1121 implies 

Tl'^^A^id^qp) = l^"l'A^{dq)-,p + if^A^dpq^ 

= ri''PA^{Ahq)p^ + rPA^d0q^ 
= AaA^q^ - AaA^q" + 'q'^^A^Opq^ 

Hence, 

[Uq)^ = + A^A'^q^ + (V"^),, q^ + A"(V„g)^ + 77"^^a9/3g7 

Next observe that 

r^A^dpq^ = 1^^^ A^{V Hq)., + l^^^A^Vf^^q, 

and 

Therefore, 

{Uq)^ = F^^q" + Aa^A^q^ + (V"A)„ q^ + 2A"(y^q)^ 

Finally, we claim that 

(4.6) {d^r^)A^qp + r^Aj:i^q, + ri^^PT'^p^A^q^ - 

This follows from the fact that F^^ = ^v'^^ {djsrj^s+dfrjps — dsijp^) and that d^r]"^ = 
—ri°'^{d-frisa)'ri'^^, the latter statement being the general fact that for an invertible 
matrix G{x) we have diG^^ ~ —G^^diGG^^ . To show (|4.6p . we write 
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= {-v'''v^^d^ijs.) A^p 
(4.7) + (^r^-n^^d^gs^ + d^g^s - ^^.g^^)) ^^IP 

= 

where the last line follows by swapping a and 5 in line (|4.7p above. Therefore, 



as claimed. □ 



Next, we examine the left hand side of (|4.2p . We claim that for a 1-form q, we 
can write Dg = g + Ag, where A denotes the Hodge Laplacian on the Riemannian 
manifold M and g is the 1-form given in local coordinates by g(i, x) = qa(t, x) dx" . 

Lemma 4.5. We can express □ in local coordinates on R x M by 



(4.8) (Dg)^ = q-, + (Aq)^ 



where here A is the Hodge Laplacian on 1- forms over M . 

Remark 4.6. Despite the appearance of the + sign in expression (|4.8p . the expression 
D = df + A is, in fact, a hyperbolic operator as we will see in Proposition l4.8l The 
sign in (|4.8p is simply due to our sign convention for the Hodge Laplacian A. Our 

convention is such that for a 0-form /, A/ = —Agf where Ag — di ( \/\g\g^-' dj ) 

V\9\ 

is the Laplace-Beltami operator on M. 

Proof. Let r/ = diag(— 1,(7) denote the metric on Af = R x M. In the following 
argument, < a,/3,7 < d will be indices denoting coordinates on R x M and 
1 ^ < will be indices denoting coordinates on M. Also we denote by dn, 
(resp. Sm), the exterior differential, (resp. co-differential), on AI. It follows that 
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(□g)^ = {d6q)^ + {ddq)^ 

= -d^ (-(Vog)o + 5''(Vjg)i) + {Vodq)^^ - g'^Vjdq)i^ 
= djdoqo - dj {g'^ (Vjg)i) + dodoq^ - djdoqo - g'^ {Vjdq)ij 
= q-i + idMSMq)^ + iSMdMq)^ 
= Qi + i^Q)i 

Above we have used the fact that the Christoffel symbols F^^ = if either a, /3, or 
6 are equal to 0. □ 

We can derive a coordinate representation for the Hodge Laplacian A on 1-forms 
in terms of the Laplace-Beltrami operator, Ag, on functions plus lower order terms. 

Lemma 4.7. The Hodge Laplacian on 1-forms q can he written in coordinates as 
(4.9) {Aq)^ = -Agq^ + 2g'^r']^diqk + d^{g'^Tlj)qk 

Proof. Here wc will let d and S denote the exterior differential and exterior co- 
differential on M. Then, 

{Aq)^ = {dSq)j + {Sdq)j 

= -d^{gn(y.q),)-gn{y.dq).^ 

= -(9^5^^)(V,g), - g'=d,.(d,q, - T%qk) 
- 9'' {dAd<l\^ - ^%{dq)kj - r)^(rfg)ife) 

= -{d^g'^)djq, + d-,{g'=T%)qk - g''d,d,q^ + g^'T^dkq^ 

+ g'^T^^diqk - g'^V^^dkqi 

RecaUing that Agq^ = g^-^djdiq^ - g'^^T^jiduq^ and that d^g^^ = -g'''d^gkm9"'^ 
we have then that 

(Aq)^ = -Agq^ + d^{g'^r%)qk + g'^d^gkmg"'' d,q, + g'^V'^^d^qk - g^'T'^^d^.q, 
Finally observe that 

9"'d^gkm9"'^djqi + g'^V]^diqk - g'^T^dkqi = 2g'^T']^diqk 
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Therefore 

which is exactly (|4.9p . □ 

Combining the results of the previous two lemmas with Proposition 14.31 gives 
us a system of nonlinear wave equations for the components of q. The following 
Proposition is the main result of this section and will be used to prove a priori 
estimates for the differential, du, of a wave map u. 

Proposition 4.8. Let u : {M,ri) — >■ {N,h) be a smooth wave map. Let q = du be 
the representation of du in the Coulomb frame, e as in (j4.ip . Then, the components 
of q satisfy the following system of variable coefficient wave equations: 

(4.10) q, - Agq, + 2g*^r)^9,<7fc + a^(g*^rf,)9fc 

= F^^ + A" q^ + (V"A)„ q^ + 2A" (V„q)^ 
Expanding the term Agq^, the left-hand side of the above system becomes 

(4.11) q, - g'^d,d,q, + g'^r'l^dkq, + 2g'^r'^^d,qk + d^{g'^r'y^)qk 

5. A Priori Estimates 

To derive a priori bounds for wave maps u we use the Strichartz estimates for 
variable coefficient wave equations proved in [24]. We require a Lorentz space 
refinement of the estimates in (21] obtained by a rephrasing in terms of Besov 
spaces and real interpolation. Equation (j4.10p , the decay assumptions on the metric 
g specified in (|1.8p - (jl.l0p . and [24l Theorems 4 and 6] imply the following estimates 
for q: 

(5.1) \\q\\ 1 +\\dq\\L^Ll<MO]\\Hi.L^ + \\H\\LlLl 

where := F^a q" + A^ A°' q^ + (V"A)q q^ + 2A" (V^g)^ is the nonlinearity 
in (j4.10p . There are a few things to note. The first is that we have extended the 
result in [24] to the case of a system of variable coefficient equations as q is the 
solution to such a system. However this extension is immediate as the methods 
in [24] allow us to treat the lower order terms in (|4.10p perturbatively, and the 
principle part of our operator is diagonal. Hence the system of equations for q 
in (|4.10p falls directly into the class of equations that are treated in ^24j because 
of the assumptions in ()1.8p - (|1.10p . The second observation is that a Besov norm 
appears on the left-hand side in (j5.1|) . This refinement can be obtained by an easy 
modification of the proof of Lemma 19 in [24'. For completeness we carry out this 
refinement in Section [8731 

To obtain a Lorentz space version of estimate (|5.ip we use the Besov space 
embedding into Lorentz spaces, see Lemma [9.51 with d = A, s = ^, q^6, p — 8 
and r — 2 which gives 
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This, together with the estimate in (|5.ip . gives 

(5.2) IkllLjL- + Wdqh^Ll < hmWm.L^ + 

We use Proposition l3.2[ together with Sobolev embedding to estimate the various 
terms in H. In local coordinates on M, H is given by 

(5.3) = ?7^"F^^ + rf^A^ + v^^id^A^) q^ 

+ 27^"^^ ApTi^qs + 277"^ {d^q^) 

Hence, at any time t E [0,T), (where T is chosen as in p.7p . for the sake of our 
bootstrap argument), we have 

(5.4) \\Hh2 < WFqhi + \\A'q\\L2 + \\idA)qh2 + \\rAqhi + \\Adqhl 

<||F|U4j|g|U. + p2|| «||g|Us + ||M|| illglUs 
+ \\T\\L.\\AUs\\q\\L^^ + \\A\\L^\\dqUl 

< Mhjdqhl + P|i^,,B \\qUs + MlsAdqhl 
<Mls.4dq\\Ll 

where in the third inequality above we have used Proposition 13.21 and Sobolev 
embedding to show that ||v4^|| s < || A||i4 1| A||^s < ||yl|| . ^ s . This implies that we 
have the estimate 

(5.5) 

MlU10,T);LI-') + \\9q\\L'rilO,T);Ll) < \\q[0]\\mxL^ 

+ (||9IIl?([0,T);L<**''') + \\9q\\Lr{lQ,T);Ll)) 

By the equivalence of the extrinsic and intrinsic norms of du ~ q, see Section |3.2[ 
we can show 

(5.6) hmH^^L^<\\duo\\H^ + \\u,\\H,<eo 
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Hence as long as £o is sufficiently small, we can use a bootstrap/continuity-trapping 
argument to absorb the cubic term, 

(I|9|Il2([0,T);L(«-2)) + I|59||l~([0.T);L2))^ 

on the left-hand side in ()5.5p and obtain the global in time estimate 

(5-7) ||9||l2ls,2 + ||ag||L^L2 < llrfuollffi + 

Using again the equivalence of the relevant extrinsic norms of du and intrinsic 
norms of q, see Section 13.21 and recalling that |jdu||2j2^8 < ||(iu||^22^8,2 , we obtain 
the desired global a priori bounds which we record in the following proposition: 

Proposition 5.1. Let (M, rj) = (Rx M^, rj), where rj — diag(— 1, g), and g satisfies 
the conditions (jl.8p - (|1.10p . Let u : {M,r]) iN,h) be a smooth wave map with 
initial data {uq, ui) satisfying (|1.14p . Then du satisfies the following global, a priori 
estimates 

(5.8) ||du||i2^8 + ||fiu||^oo^i < WduoWfji + llwiH^i < Eq 

6. Higher Regularity 

In this section we show that higher regularity of the data is preserved. In partic- 
ular, we show that if we begin with initial data, (uo,ui) G H" x H''~^{{M.'^,g),TN) 
for any s > 2, such that (|1.14[) holds, then the iJ* x norm of the solution, 

{u{t), u{t)), to (jl.l|) . is finite for any time t. This will allow us to immediately de- 
duce global existence of wave maps with data {uq, ui) £ x iJ""^ satisfying (jl.l4|) 
for s > 5, as any local solution to the Cauchy problem can then be extended past 
any finite time, T, using the high regularity local theory with data {u{T),u(T)), 
which is finite in x H''~^ due to the results in this section. We note that the 
a priori estimates, (|5.8p . and in particular the global control of ||dM||^2^s , will play 
a key role in the argument. We formulate the main result of this section in the 
following proposition: 

Proposition 6.1. Let {M , rj) = {M. x , rj) , where rj ~ dia.g{—l, g), and g satisfies 
the conditions (jl.8|) - (jl.l0|) . Let u : {M,ri) (N^h) be a solution to ()1.1|) with 
initial data (uo,ui) that is small in the sense of (jl.l4p . Suppose in addition that 
(wo,Mi) € X iJ^-i((R'',g),TiV) with s > 2. Then for any time T, the H" x 
H^~^((W^,g),N) norm of the solution (u(T),u(T)) is finite. In particular, 

(6.1) sup ||(u(t),M(t))|i^.^^._i <Ct||u[0]||^,^^._i 

0<t<T 

where the constant, Ct , depends on T and Eq. 

To prove Proposition 16. 11 we begin by differentiating (|l.ip covariantly. Let 1 < 
7 < 4 be a space index and let q = du he the representation of du in the Coulomb 
frame. Then, recalling that D^Dp — DpDa — Fap, we have 
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0=D, i-^D„{^\rj-Oqp) 



This implies that q satisfies the equation 



(6.2) DtDtq^ - -^D^i^lg'^^Dpq^) 
V\9\ 



= F^^r^q^ + d^{g"^)D^qp - (ff^T^^) q^ 

Pairing this equation with g'^^Dtqs as sections of u*TN — >■ M and integrating 
over M gives 

= [ {F-,a€^qp,9'''Dtqs)^Mdx+ j {d^{9"^)D^qp, g-^'O^qs) ^Mdx 
Jm Jm 

{d,{g''''ri^)q0,g^'Dtqs)V\i\dx 



M 



Integrating the second term on the left by parts gives 



+ [ g^^g-^^ {D^qp, F^m) yMdx 

+ [ rf^g^^ {F^c^qe, Dtqs) ^Mdx 
Jm 

+ [ d^{g"^)g^^ {D^qp, D^qs) ^\dx 
Jm 

- [ (5"^^^) g-*' {qp, Dtqs) VWldx 
Jm 
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where we define 

(6.3) \\Dq\\l,:= [ g-^' {D^qu Dsqt) ^\dx 

Jm 

+ f g-^^g-^' {D^qp,D^qs)^\dx 

JM 

Hence, 

^^•^^ ^1"^'^"'^ - liaslU^pglli. + \\F\\MLA\Dq\\L^ 

+ \\d^gU4<i\\L4Dq\W 

<\\Dq\\l.h\\ls + \\Dq\\l.. 

Integrating in time gives 

\\Dq{t)\\h < \\Dqm\h +C f \\Dq{s)\\l.{Us)\\ls + I) ds 

Jo 

Hence by Gronwall's inequality we have 

(6.5) \\Dqml.<\\Dqm\hexp(c J\\\qis)\\ls+l)ds^ 

<\\Dqm\hexp{Ci\\q\\h^s+t)) 

< ||I?g(0)||i.exp(C(eo+t)) 

The last inequality follows from the global a priori bounds, ()5.8p . proved in the 
previous section. 

As explained in Section 13.21 see p.27p and (|3.28p . the inequality in (|6.5p is 
equivalent to a bound on (u, ii) in H^{M; N) x H^{M; N). We thus obtain a bound 
on (m, u) in H^{M\ N) x H^{M; N) by combining the above with the conservation 
of energy derived in Section 11.1.21 and the simple estimates obtained by the 
fundamental theorem of calculus and Minkowksi's inequality 

(6.6) \Ht)\\L- < \\um\L-+t\\dtu{t)\\L2 

Remark 6.2. Of course, we already have proved an even stronger result than (16. 5p 
in the previous section where we showed that, in fact, ||9(i)||^i ^ £o for any time t 
where the wave map u is defined. We have gone through the trouble in proving (16. 5p 
here in order to establish the technique required to prove bounds on higher deriva- 
tives of q below. 

To obtain bounds in H^{M; N) x H^{M; N) and in H'^{M; N) x H^{M; N) we 
proceed in exactly the same manner as above, differentiating (j6.2l) two more times 
and obtaining wave equations for D^qs and for D^D^q^. Roughly, these are of the 
form 
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(6.7) DtDtD^q^ - -^D^ (^\g''I^DpD,q^) = D^irj^f" F^^qp) 



+ lower order terms 

and 

(6.8) DtDtD^D^q^ - -JF^D^ (^\g"^ DpO^^D^q^ 



~ Df^Df^{r]"'^ FjaQp) + lower order terms 

Proceeding as above, we pair (1121) with g'^'g'<^DtD,qs, and we pair (j6.8p with 
g^'^ g'^''g'*^ DtD^Di^qs and integrate over M to obtain for £ = 1, 2 



Id 



k=l 

We claim that (j6.9p implies the estimate 

k=l \k=l / 

In order to deduce (|6.10p from (j6.9p . we need the following lemma: 
Lemma 6.3. For any time t and for £ ~ 1,2 we have 

(6.11) \\D'{,jFq)\\L.<J2\\D''q\\L4q\\ls 

k=l 

Proof. In what follows we will freely use the equivalence of norms explained in 
Section |3^ For £ = 1, we have d{riFq) = drjFq + rjOFq + rjFdq. Schematically, 
recall that we have F — R{u){q, q) and hence dF = {dR{u)){q, q, q) + 2R{u){dq, q). 
Hence we have 

(6.12) ||a(r?Fg)|U.<||a,7|U4||g3||^, + ||5i?(«)||^.||g||^,|l53||^, 

+ \\Riu)U^.\\dqh4q4L. 



<mL^ + Mmh'\\L^ + \\D\\\L4Q\\h 

2 



Finally we claim that ||'7"^||l* ^5 II-D'^'7||l2 ||g||^8. This follows from the multiplicative 
Sobolev inequality, see [6l pg. 24]. Indeed, 



(6.13) < n IklU- ^ n \\D'q\\]7.''\\q\\% < \\D\U4q\\ls 

i=l i=l 

as long as we set — + — + — = t, — = % and 9i + 62 + O-i — 2. For example, we 
can set pi — 12 and 6*^ = | for i = 1, 2, 3. 



For £ = 2 we have 

d'^i-qFq) = d'^'qFq + ryS^Fg + ryF^^g + 2d'qdFq + 2df]Fdq + 2-qdFdq 
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And we have 

d^F = {d^R{u)){q, q, q, q) + 5idRiu)){dq, q, q) + 2R{u){d^q, q) + 2R{u){dq, dq) 
Hence, 

(6.14) \\d\riFq)\\l < Wd^r^FqU^ + \\dvdFq\\i^. + Wdr^Fdqh. 

(6.15) + HvFO^Wl^ + \\vdFdq\\L2 + \\7ld''Fq\\L2 

The first three terms on the right-hand side of (j6.14p all have derivatives hitting rj 
and can be controlled as follows 



Wd^vFqh- + \\drjdFq\\L2 + WdrjFdqh^ < \\d''rj\\L4Fq\\L. + \\dv\\L^\\dFq\\L2 

+ \\d7jU^\\Fdqh^ 

<\\q'\\L^ + \\dR{u)U^\\q\\^4q4^. 

+ \\Riu)\\L^\\dq\\L4q^h. 

+ \\dq\\L4q'\\L- 
<\\D'q\\L4q\\ls 

where the last line is deduced via the same argument as in (|6.12p and (|6.13p . To 
estimate the first term in ()6.15p we observe that 

WvFd'qh^ <\\F\\L4d'q\\L^ <\\D'q\\Mls 
For the last two terms in (|6.15p we have 

(6.16) WvdFdqh^ + Wrjd'Fqh^ < \\{dR){u)h^\\q'dqh2 

+ \\R{u)\\L^\\q{dq)^\\L2 
+ \\R{u)\\L^\\q^dW\L2 
+ \\{d'R){u)U^\\q4r.^ 

<\\q\\L4<l\\U\dq\\LS + \\q\\L4dq\\l^ 
+ \\q\\ls\\d'q\\L^ + \\q\\ls\\q\\U 



The multiplicative Sobolev inequality then implies 
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\<iU<\\DM\lM\ls 



LS<\\D'q\\l,\\q\\ls 



\\dq\\^ie<\\D-\\\l4q\\l, 



\\q\\L^2<\\D'q\\l,\\q\\l, 

Plugging these into (16.17^ . and using Sobolev embedding followed by the a priori 
bounds llgll^oo^i < Eo, we get 

WvdFdqh. + hd'FqW^. < \\q\\^,\\D'q\\Mls 

<\\D'q\\L4q\\l. 

Putting this all together we conclude 

\\d'ivFq)U.<{\\D\U2 + \\D'qU.)\\q\\ls 
as desired. □ 

Now, inserting the conclusion in Lemma [6.31 into (|6.9p we have for £=1,2 

(6.17) liw^'^'^iwh ^ (e WD'iWh^ {Mis + 1) 

Together with (|6.4p this implies for £ = 1,2 that 



(6.18) 



fc=l \k=l I 



Integrating in time, applying Gronwall's inequality and using the a priori estimates 
IklU^LS < £o gives 

(6.19) P'^WIIi^ < E ll^'^WIIi^ exp (C(£o + t)) 

k=l \k=l I 

for £ = 1,2. This implies that the H^{M;N) x H^{M;N) (resp. H^{M-N) x 
H^(M; N)) norm of the solution {u, ii) remains finite for all time assuming the data 
(mo,ui) is bounded in H^{M;N) x H^{M;N), (resp. H^{M;N) x H^{M;N)). 
To deal with higher derivatives, s > 5, we note that (|6.19p implies that q{t) € 
^ L!^, and hence we can bootstrap the preceding argument, in particular 
Lemma [6731 to all higher derivatives. For the global existence proof to come in the 
next section, we only need to do the case s = 5 as we have a local well-posedness 
theory for p.2p at this regularity, see for example JSOi Chapter 5]. 
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7. Existence & Proof of Theorem 11.11 

In this section, we the complete the proof of Theorem 11.11 We begin by estab- 
hshing the existence statement in Theorem ll.il The argument here fohows exactly 
as in [31] . As explained in Section I9.2[ we can find a sequence of smooth data 
e C°° X C°°{M;TN) such that (u§,uf) ^ (uo,ui) in H^xH^{M;TN) as 
fc — > oo. Using the high regularity, local well-posedness theory, we can find smooth 
local solutions m'^ to the Cauchy problem (jl.ip with data {uq,Ui) satisfying 

(7.1) + <eo 

for large enough k. Then, by the a priori bounds in Proposition 15.11 and the regu- 
larity results in Proposition IHUl these local solutions u'' can be extended as smooth 
solutions of (|l.ip for all time satisfying the uniform in k, global-in-time estimates 

(7.2) Wdu'W^^^, + Wdu'^h^LS < ||4|t^. + Wu'iU, < so 

for large enough k. To see this, suppose that the smooth local solution exists 
on the time interval [0,T). Then, by Proposition 15.11 and Proposition 16. II we have, 
say, that the x i?'* norm of {u'' (T) , ii'^ (T)) is finite. Hence, we can apply the 
high regularity local well-posedness theory again to the Cauchy problem with data 
{u'' {T) , ii'' (T)) obtaining a positive time of existence, Ti. By the uniqueness theory, 
this solution agrees with u'', thereby extending u'^ to the interval [0,T + Ti). This 
implies that u'' is, in fact a global solution, as it can always be extended. 

Now, by (|7.2p . we can find a subsequence, u'' such that ^ u weakly in H^^^. 
We also have 

(7-3) \\du\\^^fji + ||dw||i2i8 < ||uo||^2 + ||wi||^i < £o 

By Rellich's theorem, we can find a further subsequence so that du^ du pointwise 
almost everywhere. It follows that w is a global solution to (|l.ip with data (mq, ui). 
We have now completed the proof of Theorem 11.11 We summarize the entire proof 
below. 

Proof of Theorem ll. 1\ In Proposition [5TT] we established the global a priori bounds 
(|1.15p for smooth wave maps {u,u) with initial data {uo,ui) that satisfies (|1.14p . 
Now, given data (wo,mi) € H'^ x H'^{{M.'^, g),TN) satisfying (|1.14p the above ar- 
gument concludes the existence of a global wave map G C°(E;7f^ x H^). 
Proposition 15.1) and in particular the global control of the LjL^ norm of du al- 
lowed us to deduce the global regularity result. Proposition 16.11 which not only 
drives the existence proof above, but also shows that higher regularity of the data 
is preserved. Finally, the global control of the LfL^ norm of du validates the 
uniqueness proof in Section [2j □ 



8. Linear Dispersive Estimates for Wave Equations on a Curved 

Background 

In this section we outline the linear dispersive estimates for variable coefficient 
wave equations established by Metcalfe and Tataru in [24]. We review a portion 
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of the argument in [24 with the necessary extensions needed to prove (|5.ip . It is 
suggested that the reader refer to [21] when reading this section as here we detail 
only the parts where changes have been made to suit our needs. In order to facilitate 
this joint reading we will try to use as much of the same notation as possible. We 
begin with a brief summary. 

We say that {p,p, q) is a Strichartz pair if 2 < p < oo, 2 < q < oo, and if {p,p, q) 
satisfies the following two conditions 

I d d 

(8.2) - + ^5^ 

p 2q 4 

with the exception of the forbidden endpoint (l,2,oo),if(i = 3. 

In IH], Metcalfe and Tataru prove global Strichartz estimates for variable coef- 
ficient wave equations of the form 

(8.3) Pv = f 

v[0] = {vq,vi) 
where P is the second order hyperbolic operator, 

(8.4) P{t,x,d) = -a2 + 9„(a"'^(a;)a^)+6"(x)9„+c(x) 

In fact, in [M] time-dependent coefficients are considered as well, but we will restrict 
our attention to the time- independent case for our purposes. Here we assume 
that the matrix a is positive definite and the coefficients a, 6, c satisfy the weak 
asymptotic flatness conditions 



(8.5) ^ sup |9^a(a;)| + |9a(a:)| + |a(a::) — 5oI < e 
where go denotes the diagonal matrix diag(l, . . . , 1). And 

(8.6) J2 sup \x\^\db{x)\ + \x\\b{x)\<e 



3& 



(8.7) ^ sup |c(a;)|^ < e 

Given the assumptions in ()1.8|) - (|1.10|) . it is clear that our wave equation for q 
in (|4.10p is of this form. Metcalfe and Tataru introduce the following function 
spaces in order to deduce localized energy estimates and control error terms later 
on. 

Let Sk denote the fcth Littlewood Paley projection. Set = M x {|a;| ~ 2-'} and 
A<j = M X {|a;| < 2-'}. For a function v of frequency 2^ define the norm 

(8.8) ll^llx, := 2*||w||i2^(^^_,) + sup |1 \x\-'- vW^^^^^,) 

j>-k 
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With this we can define the global norm 

(8.9) Mj,. ■.= Y,2^^'^\\S,v\\j,^ 

fcez 

for — < s < ^yi. The space X'^ is defined to be the completion of all 
Schwartz functions with respect to the X'^ norm defined above. For the dual space 
Y" — {X"")' we have the norm 

(8.10) wfwh = J2^'"'\\Skfrx, 

fcez 

for — < s < . We refer the reader to [SI] for details regarding the structure 
of these spaces. 

With this setup, Metcalfe and Tataru are able to prove the following results: 

(1) Establish H" localized energy estimates for the operator P, see Defini- 
tion 2, Theorem 4 and Corollary 5]. 

(2) Construct a global-in-time parametrix, K , for the operator P, and prove 
Strichartz estimates for this parametrix. Error terms are controlled in the 
localized energy spaces, see [Ml Propositions 15-17 and Lemmas 19-21]. 

(3) Combine the localized energy estimates with the Strichartz and error esti- 
mates for the parametrix to prove global Strichartz estimates for solutions 
to (ESI), see [Ml Theorem 6]. 

To prove these results, Metcalfe and Tataru are able to make a number of simpli- 
fications that allow them to treat the lower order terms in P as small perturbations 
and work instead with only the principal part of P, denoted by Pa = —df+daa^^dp. 

Let Xj be smooth spatial Littlewood-Paley multipliers, i.e. 

1 = E»(^). ™(X.) C {2^-1 < \x\ < 2^+1} 

And set 

k<] k<j 

We then define frequency localized coefficients 

(8.11) gf + iS<^X<k^2i)Sea'^^ 

e<k-i 

corresponding frequency localized operators 

(8.12) P(,) :=-a2 + a,(ag9^) 
used on functions of frequency k, and the global operators 



(8.13) 



kei, 
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In order to prove ()5.ip , we only need to make a small alteration to the proof of the 
Strichartz estimates for the parametrix, K. At first, the parametrix construction 
occurs on the level of the frequency localized operator, Pq, see |MJ Propositions 
15-17]. In particular, they prove the following result. 

Proposition 8.1 ([24 , Proposition 17). Assume that e is sufficiently small, and 
assume that f is localized at frequency 0. Then there is a parametrix Kq for P(o) 
which has the following properties: 

(i) (regularity) For any Strichartz pairs (pi,9i) respectively (p2:92) with 
Qi < 92; we have 

(8.14) WdKofh^^Ll^nXo \\f\\^^^'.^4 

(a) (error estimate) For any Strichartz pair {p,q) we have 

(8.15) ll(^'(o)i^o-l)/IU^< II/IUp'^,' 

The next step is to move from these frequency localized parametrices to a con- 
struction of a parametrix for P^, and this is where we make a slight alteration. To 
begin, Metcalfe and Tataru prove that the operator P(o) in Proposition 18.11 can be 
replaced with P, see [Ml Lemma 10], on functions localized at frequency 0. To 
construct parametrices, Kj, at any frequency j, for P we rescale, setting 

(8.16) K,f{t,x) - 2-^^Ko{f2-.){2H,Vx) 
where f2-j{t,x) = f{2-H,2-^x). Next, set 

(8.17) 

With these definitions it is straightforward to prove the following lemma, which 
is our altered version of |24| Lemma 19]. Recall that the homogeneous Besov norm 
of a function ip is given by 



iI'^iIb?,= I ^(2^^II5,^IU.)^ 



Then we have 



Lemma 8.2 (Besov space version of Lemma 19 in [24 ). The parametrix K has the 
following properties: 

(i) (regularity) For any Strichartz pairs {pi,pi,qi), respectively {p2,P2,Q2) 
with qi < q2 we have 

(8.18) IIWII,..,;-.nx=<ll/ll,,^,_._.,,.,,,, 
(a) (error) For any Strichartz pair [p,p,q), we have 

(8.19) \\[PaK^l)f\\Y^ < ||/|||^^|_._,^,-^,. 
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Proof. We begin by extending the results of Lemma 18.11 to the parametrices Kj . 
Observe that dKjf{t,x) = 2^^ dKo{f2-i){2H,2^ x). Hence, for a function / local- 
ized at frequency j, we have 



Therefore, by (|8.ip we obtain 



.20) 



for functions / localized at frequency j. 

We also need to estimate \\dKjf\\xj- Let / again be localized at frequency j. 
Observe that 



2^P^./IIl? 



jJ IIL2 JA<_,) 



25 



x\<2- 



\dKjf{t,x)\ dxdt 



= 2^(-i-i)||9A-o/2-.||L?,jA<o) 
Therefore we can apply Proposition 18.11 to deduce 



2.(|+i+P.)||/|| 



Similarly one can show for any k > —j that 



2i(l+i) 



dK,f 



Li A^k) L^ 



Hence 



liai^,/IU^. <2^-''^ll/ll 



Putting this all together we obtain the frequency j version of Proposition l8.1l (i): 
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i.21) + WdK.fWx, < 11/11 „^ 



The next step is to use the Littlewood-Paley theorem to sum up these frequency 
locahzed pieces. As a prehminary step we observe that (|8.2ip imphes that for each s 



(8.22) 22^(-P^)|iaX,/||^.,^,, +22^-^||9/f,/||2,^. <22^(^+''=)||/|| 



Then, we have 



,.23) IIWILp, 



t 91 ,2 



J2 2'^'(' 



\3& 



2 \ 2 



..24) 



< 



..25) 



< 



.26) 



2 



(8.27) 



< 



;22J(-+P2) 1 5-^. J I 



(8.28) 



^ ll-''ll|a^|-=-P2if^i^2 



Above, (103, (11211), and follow, respectively, from Minkowski's in- 

equality, estimate (|8.22p , the dual estimate to Minkowski, and the Littlewood-Paley 
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.29) 



IWII 



2 \ 2 



J2 2'^' 



(8.30) 



< 



J22'^^\\dK,S,f\\ 



.31) 



(8.32) 



< 



I/I 



where (|8.32p follows from the dual to Minkowski's inequality and the Littlcwood- 
Paley theorem. The proof of (|8.19p follows exactly as in [24]. □ 



We can carry out the rest of the argument exactly as in [24] except with Lemma [8?2] 
in place of [24l Lemma 19], to obtain the following Besov space version of [24] The- 
orem 6]. 

Theorem 8.3 (Besov space version of Theorem 6 in [24]). Let d > 4. Assume that 
the coefficients af^P, 6", c satisfy (|8.5p . (|8.6p . and ()8.7p with e sufficiently small. 
Let [pi,pi,qi) and {p2,P3, 92) be two Strichartz pairs and assume further that s = 
or s — —1. Then the solution v to (|8.3p satisfies 



(8.33) I|9«IUpb;-- + WMx^ ^ \mU..^,A^ + ll/ll|^^|_._,,^.^^,i^^. 

To obtain (|5.ip we set s = 0, pi = |, p = 2, g = 6, p2 = 0, p2 = 1 and q2 — 2 
in (|8.33p giving 



.34) 



IIHL,a <lk[0]|lAixL^ + ll/IU^L= 



We combine this which the energy estimates which correspond to s = 0, pi = 0, 
p = cx), g 2, p2 = 0, P2 = 1, 92 = 2 and d = 4 in (|8.33p giving 



ll'"[0]llii-ixL2(R4) + ||/||Li(R;(i^(K'')) 



which is exactly (15. ip . 
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9. Appendix 

9.1. Sobolev Spaces. We have interchangeably used two different definitions of 
Sobolev spaces throughout the paper. The difference in the definitions arises from 
the different ways that we can view maps f : M ^ N and their differentials 
df : TM — >■ u*TN. On one hand, we can take the extrinsic viewpoint, where we 
consider the isometric embedding of ^ M™ and view TN as a subspace of R™. 
Here we view / as a map M M™ with values in N and df : TM R™ with 
values in TN. On the other hand, we can view things intrinsically, and exploit the 
parallelizable structure on TN. We outline these different approaches below, and 
show that if we take the Coulomb frame on u*TN these approaches are equivalent 
for our purposes. Furthermore, we show that if {M,g) = (R'*,^) with g as in ()1.8|) - 
(jl.lip then all of the following spaces are equivalent to those that would arise if we 
had set M to be R** with the Euclidean metric. 

9.1.1. Extrinsic Approach. Taking the extrinsic point of view, we consider maps 
/ : iM,g) -J> (R™, (•, •)). Hence, we can write / = (/\ ...,/"") with the differential 
df = {df^, . . . , d/ "*). For such / and for 1 < p < oo, we define the norm 

(9.1) 

k / m „ \ p 

fi/fU- = E E / Ivvi^dvoij 

k / m . E \ ^ 

= E E / (5^^''^---5'"'(v'rk.......(vV%....,.)' vl^rf^ 

£=0 \a=l / 

where denotes the ^th covariant derivative on M with the convention that 
V"/" = /°, see [S] . For example, the components in local coordinates of V/"^ are 
given by (V/")i = {df)i = dif while the components in local coordinates for V^/"^ 
are given by 

We define W^^p{M,R"') to be the completion of {/ G C°°(A/;M™) : \\f\\^yk,p < oo} 
with respect to the above norm, (the subscript e here stands for extrinsic). We then 
define W^'P{M, N) to be the space of functions {/ G WI:'P{M, R™) : f{x) G A, a.e.} 
The homogeneous Sobolev spaces W^'P{M; N) are defined similarly. 

Remark 9.1. The one drawback with this definition is that C°°{M; N) may not 
be dense in W^'P{M; N) for p < dim A/, for a generic compact manifold A. For 
example, in [5S], Schoen and Uhlenbeck show that f{x) = ^ G H^{B^; S'^) cannot 
be approximated by C°° maps from S'^ in H^{B^; S'^), see [23] for a proof. 

This poses a potential difficulty for us as we required the density of C°° (M, TN) 
in H^{M;TN) in order to approximate the data (mo,wi) G x H^{M;TN) by 
smooth functions in our existence argument. Thankfully, this difficulty can be 
avoided using the equivalence of the extrinsic and intrinsic definitions of Sobolev 
spaces which will be argued below. 

With {M,g) = {R'^,g), with g as in (|1.8p - (|l.lip . and e small enough, we can 
show that these "covariant" Sobolev Spaces W^'P{{R'^,g);N) are equivalent to the 
"flat" Sobolev spaces W^'P{{W^, {•, •)); A). 
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Lemma 9.2. Let {M,g) = {^'^,g) with g as in (|1.8p - (jl.lip and let 1 < p < cx). 
Then W'^'P{{M* , g)) is equivalent to W'''^{M*,go) where go is the Euclidean metric 
on M'* . In particular, if / : — 5- R™ then for every A; S N we have 

(9.2) ||9V|Up(r4) ~ ||vV||lp(r4,<,) 

Proof. As the above norms are defined component-wise for / = (/^, . . . , /"*), it 
enough to prove the statement for functions / : {M, g) — > R instead of for maps 
/ : (Af, g) — )■ R™ with values in N. We also will only prove this lemma in detail for 
a few easy cases, namely for fc = 0, 1 and for k = 2,p = 2. These, in fact, include 
all the cases that we need. The other cases follow by similar arguments. 

By ()1.8|) it is clear that \/|(?(aOI ^ bounded function on R**. Hence, for every 
k we have 



/ {v'^fZVlgldx^ f {V^fl'dx 



This proves the lemma for fc = 0. In local coordinates we have, for fc = 1, that 
(V/)i := {df)i = dif and — g^^difdjf. Letting go denote the Euclidean 

metric we have, for p even, that 



|V/|^ - \dff = (g'^djd.f)^ - i%'djd,f)^ 

E 

= [f' ~9t){ddd,f)j2[9^'dJd,fY^-\g^o'dcfddfY-^ 



Hence by (jl.Sp we have 



\\^f\\lHM^,)-m\\UM^) <e Jjdffdx 

For p odd we interpolate. This proves the case fc = 1. For k — 2,p = 2 we have in 
local coordinates that 



where here F'^ are the Christoffel symbols for (R^,(7). We also have 

|vVr=5V(VV).,(VV)H 



Hence, using (|1.8p - (|1.9p and the Sobolev embedding we have 
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iv^/lli.(M.,,) - Wd'fWh 



< 



ig'^g'' - gll'g^'m.mdMf) dx + 2 f g^^g=' d^.fvi, dj dx 



< 



la/ll 



+ 115/ 



4) I|rili4( 



Now, recall that Vf^ 



r 



L4(M4) 



dbgij). Hence by (|1.9p . we have 
< e. Using the Sobolev embedding i?^(K^) ^ L^(R'*) and the above 



inequalities we have 



IVVII? 



provnig 



in the case k — 2, p ^ 2 



d'fr 



LH 



Win 



□ 



9.1.2. Intrinsic Approach. Next, we use the parallelizable structure on TN to define 
"intrinsic" Sobolev spaces for maps -0 '■ TM — > u*TN . 

Let e = (eTi , . . . , e„) be a global orthonormal frame on TN and let e = (ei , . . . , e") 
be the induced orthonormal frame on u*TN obtained via pullback. Now, let ^ : 
TM — >■ u*TN be a smooth map, i.e., ?A is a u*TN valued 1-form on M. Then V' 
can be written in terms of the orthonormal frame e on u*TN . The components of 
-0 in the frame e are then given by V'" = ^o)ti*h ^'^'^ each of these can be viewed 
as a 1-form on M, i.e., a section of T*M, and can be written in local coordinates 
as -0" — ipadx"- 

One way to define the Sobolev norms of ijj is to ignore the covariant structure 
on u*TN and say that tp S W^'^{M;N), (the index i here stands for intrinsic), if 
all of the components, ip"', are in W^'P{M;R). And we define 



(9-3) \m'w-^,M:N, - E w^r^.^iM, - E / IvVi^dvoi, 

n » p 

where V*^ denotes the fcth covariant derivative on M. By the same argument as 
above, we can show that in our case, with {M,g) = (R*, (/) and g as in p.8p - (|l.lip . 
these spaces are equivalent to the case where we have the Euclidean metric on M^, 
that is, there exist constants c, C such that 

(9.4) ||9V1Ilp(m4) ~ liVVllipW 

The one glaring issue here, is that this construction will depend, in general, on 
the choice of frame e. We can avoid this confusion though in the case where the 
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frame e is the Coulomb frame as in this case the intrinsic norms are equivalent to 
their extrinsic counterparts in the cases we will be interested in. This issue was 
addressed in Section 13.21 

9.2. Density of C°°xC°°(M;TA/') in x H^{M;TN). We set {M , g) = {R^ , g) 
with g as in (|1.8|) - (jl.ll|) . In the existence argument for wave maps we claimed the 
existence of a sequence of smooth data {uq,Ui) {uo,ui) in x H^{M;TN). 
Here we show that such a sequence does, in fact, exist. That is, we show that 
C°° X C°°(M;riV) is dense in in x H^{M;TN). 

First, observe that C°°{M]N) is dense iw Hi {M;N), see [21 Lemma A. 12]. Hence 
we can find a sequence of smooth maps Mq such that m§ — >■ uq in H^{M\ N). 

Finding a sequence of smooth maps : M -^TN such that G T^^(^^)N 

approximating ui in H^{M;TN) is not as straightforward as we do not know a 
priori that C°°{M;TN) is dense in Hl{M;TN). However, we can use the equiva- 
lence of the norms Hl{M; TN) and Hl{M\ TN) proved in the previous section to 
get around this issue. 

Let e denote the Coulomb frame on UqTN. Since ui is a section of UqTN, 
we can find one- forms over M so that ui = qfea- By the equivalence of the 
norms Hl{M;TN) and Hl{M;TN), we see that ui £ Hl{M;TN) if and only 
if ql e i?i(TM;R). Since C°° is dense in H^{TM-R) ~ i?i(R4;K) ^e can find 
smooth {ql)'^ such that {qlY ~^ 1i H^{TM;M.). Now, for each smooth map 

: M ^ N we can find the associated Coulomb frame = {e\, . . . , e^). We then 
define smooth sections u\ := {qD^e'l and by the equivalence of norms explained in 
Section IX2l we have u\ ui in H^{M; TN) as desired. 

9.3. Lorentz Spaces. To prove the pointwise estimates for the connection form A 
associated to the Coulomb gauge we need a few general facts about Lorentz spaces. 
We review these facts below. LP''^{M.'^) functions are measured with the norm 

for < r < oo. If r = oo, then 

= suptir(t) 

t>0 

where above we have 

r{t)^mi{a:df{a)<t} 

df{a) — meas{x : > a} 

A consequence of real interpolation theory is that Lorentz spaces can also be char- 
acterized as the interpolation spaces given by 

(9.5) LP-'-iW^) ^ {LP°,LP^)e.r 

where l<po<Pi^oo,po<r<oo and i = + We refer the reader to [TJ 
Chapter 5.2] for more details. 
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Note that the norm is the same as the weak-L^ norm. Below we record some 
general properties of Lorentz spaces that were needed in the proof of Proposition l3.2l 
We refer the reader to |7], [J, [21], and [35] for more details. 

Lemma 9.3. Suppose that < p < oo and Q < r < s < oo. Then 
(i) LP'P = LP 

(a) IJr <s then LP''' C LP'' 

(in) If h -.R"^ is defined by h(x) = -ria:, ihen h e Li'°° . 

\x\ 

The proof of Lemma 19.31 follows easily from the definitions and can be found 
for example in [7, Chapter 1.4.2]. We also needed the Lorentz space versions of 
Holder's inequality and Young's inequality and the following duality statement. 

Lemma 9.4. Suppose that f £ ^Pi'^i and g G LP^'^^ where 1 < pi,P2 < oo and 
1 < ri,r2 < oo. Then, 

(^) \\f9\\L.. < ||ff||L...^2 ^f^ = j- + j-and^^^ + ^ 

(n) ||/*g||L.,. <||/||LPi...||g||L..,.. tf < ^ = + - 1 and 

r ri r2 

(ill) {LP'"')' = LP^'''^ for 1 < p < oo, I < r < oo and (LP'^)' = LP^'°° for 
1 <p<oo, where i + ^ = 1 and 7 + 77 = 1 

To prove {i) above observe that ifg)*{t) < see [3 Proposition 1.4.5]. 

Then apply Holder's inequality. We refer the reader to [27] for the proof of (ii) 
above. And (Hi) is proved in [7} Theorem 1.4.17]. 

We also require Sobolev embedding theorems for Lorentz spaces which can be 
obtained via real interpolation. A detailed proof can be found in [46l Chapter 32] . 

Lemma 9.5 (Sobolev embedding for Lorentz spaces). If < s < — and - = 

q p q d 

then W^'^iW^) ^ Lf'«(R'*) and ^^^^(R'') ^ LP'''{W^). 

To give an idea of why Lemma l9.5l is true, we demonstrate a special case, namely 
that 

(9.6) II%W^) ^ LP'^iR'^) 

for i = i — ^ . Observe that this is a strengthening of the standard Sobolev inequal- 
ity which says that H''{R'^) ^ LP(R'^) for ^ = 5 - f since LP'^(R'^) ^ LP{R'^). 
The proof of (|9.6p relies on Plancherel's theorem and real interpolation. Let de- 
note the Fourier transform. Let / e ij''(R'^), which means that \^\' Tf £ L'^{R''). 
Also note that if < s < | then 

l^l"'* e Lf°°(R'') 

Hence, by Holder's inequality for Lorentz spaces 

ii-F/iu.,. = II \^\'Tf < II m'^fh^^^ ii^i,. < ^ 
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for i = i + ^. Now recall that J-^ : ^ L°° and J-^ : L^. Therefore, by 

real interpolation 

which, by (|9.5p is exactly the statement that 

where — = 1 — ^ and 4 = ^ and we notice that — + ^ = 1. Hence, with - = 4 + 4 

a 2 p 2 a p '72 a 

we have that e L"'^'^{W^) which implies that / e ^'^''^(IR'') where -1 = i - | 
which is exactly (j9.6[) . 

The U' and Besov space versions of this statement are slightly more complicated 
to prove as they require additional facts from real interpolation theory and we refer 
the reader to [13] for a detailed proof. 

We also need the following version of the Calderon-Zygmund theorem for Lorentz 
spaces. 

Theorem 9.6 (Calderon-Zygmund theorem for Lorentz spaces). LetT be a Calderon- 
Zygmund operator. Then T : L^'^ — L^'^ for 1 < p < oo and 1 < r < oo, 

I|t/||l..^< II/IIlp,. 

where the constant above does not depend on r. 

This extension of the Calderon-Zygmund theorem is an easy consequence of the 
LP version given the following interpolation theorem of Calderon, see [1, Theorem 
5.3.4]. 

Theorem 9.7 (Calderon's interpolation theorem). Let T be a linear operator and 
suppose that 

where p > 0. Then, 

T : LP '' L'^'" 

1 (1-61) 6 ,1 

as long as < r < s < oo, pi ^ p2, qi ^ q2, — — 1 , and — 

P Pi P2 q 

for 0e {0,1). 



qi 92 



Proof of Theorem \9.6\ Let T be a Calderon-Zygmund operator. To prove that 

T : LP'i LP'i, find pi,p2, so that l< pi < p < p2 < oo and - = ^ '- + —. 

P Pi P2 

Then we have T : Lp^^p^ LP^'°° and T : L^^.pi ^ LP^'°° since 

< ||T/||iPi.Pi = \\Tf\\LPi < = ||./||lpi^pi 

< \\Tf\\LP2..2 = \\Tf\\LP2 < ||/||lp2 = ||/||lp2,P2 < ||/||lp2.P1 

Therefore, by Theorem [221 we have T : LP'^ LP'I for every q > 0. □ 



50 andrew lawrie 

References 

[1] Bergh, J., Lofstrom, J., Interpolation spaces. An introduction. Grundlehrcn dcr Mathcmatis- 
chen Wissenschaften, No. 223. Springer- Verlag, Berlin-New York ,1976. 

[2] Brezis H., Nirenberg L., Degree theory and BMO, Part I: Compact manifolds without bound- 
aries, Selecta Math. 1 (1995) 197-263 

[3] Christodoulou, D., Tahvildar-Zadeh, A. On the regularity of spherically symmetric wave 
maps. Comm. Pure Appl. Math. 46 (1993), no. 7, 1041-1091. 

[4] Christodoulou, D., Tahvildar-Zadeh, A. On the asymptotic behavior of spherically symmetric 
wave maps. Duke Math. J. 71 (1993), no. 1, 31-69. 

[5] Eells, J. and Lemaire, L., A report on harmonic maps, Bull. London Math. Soc. 10 (1978) 
1-68. 

[6] Friedman, A., Partial Differential Equations, Holt, Rinehart and Winston, New York, 1969. 
[7] Grafakos, L., Classical Fourier analysis. Second edition. Graduate Texts in Mathematics, 

249. Springer, New York, 2008. 
[8] Hebey, E. Sobolev spaces on Riemannian manifolds. Lecture Notes in Mathematics, 1635. 

Springer- Verlag, Berlin, 1996. 
[9] Helein, F. Harmonic maps, conservation laws and moving frames. Translated from the 1996 
French original. With a foreword by James Eells. Second edition. Cambridge Tracts in Math- 
ematics, 150. Cambridge University Press, Cambridge, 2002. 

[10] Keel, M., Tao, T., Endpoint Strichartz estimates. Amer. J. Math. 120 (1998), no. 5, 955-980. 

[11] Klainerman, S. and Machedon, M. Space-time estimates for null forms and the local existence 
theorem. Comm. Pure Appl. Math. 46, 1221-1268 (1993) 

[12] Klainerman, S., Machedon, M. Smoothing estimates for null forms and applications. A cele- 
bration of John F. Nash, Jr. Duke Math. J. 81 (1995), no. 1, 99-133. 

[13] Klainerman, S., Machedon, M. On the optimal local regularity for gauge field theories. Dif- 
ferential Integral Equations 10 (1997), no. 6, 1019-1030. 

[14] Klainerman, S., Machedon, M. On the regularity properties of a model problem related to 
wave maps. Duke Math. J. 87 (1997), no. 3, 553-589. 

[15] Klainerman, S., Rodnianski, I., On the global regularity of wave maps in the critical Sobolev 
norm. Internal. Math. Res. Notices (2001), no. 13, 655-677. 

[16] Klainerman, S., Selberg, S. Remark on the optimal regularity for equations of the wave maps 
type. Comm. Partial Differential Equations 22 (1997), no. 5-6, 901-918. 

[17] Klainerman, S., Selberg, S., Bilinear estimates and applications to nonlinear wave equations. 
Commun. Contemp. Math. 4 (2002), no. 2, 223-295. 

[18] Krieger, J., Global regularity of wave maps from W?'^^ to . Small energy. Comm. Math. 
Phys. 250 (2004), no. 3, 507-580. 

[19] Krieger, J., Null-form estimates and nonlinear waves. Adv. Differential Equations 8 (2003), 
no. 10, 1193-1236. 

[20] Krieger, J., Global regularity of wave maps from 1R^+-^ to surfaces. Comm. Math. Phys. 238 
(2003), no. 1-2, 333-366. 

[21] Krieger, J., Schlag, W., Concentration compactness for critical wave maps. Preprint (2009), 
arXiv: 0908.2474vl, To appear in Monographs of the European Mathematical Society. 

[22] Krieger, J., Schlag, W., Tataru, D. Renormalization and blow up for charge one equivariant 
critical wave maps. Invent. Math. 171 (2008), no. 3, 543-615. 

[23] Lin, F., Wang, C. The analysis of harmonic maps and their heat flows. World Scientific 
Publishing Co. Pte. Ltd., Hackensack, NJ , 2008. 

[24] Metcalfe, J. and Tataru, D., Global parametrices and dispersive estimates for variable co- 
efficients wave equations. Preprint, (2009). arXi v:0707.1191l To appear in Mathematische 
Annalen 

[25] Nahmod, A., Stefanov, A., Uhlenbeck, K. On the well-posedness of the wave map problem in 
high dimensions. Comm. Anal. Geom. 11 (2003), no. 1, 49-83. 

[26] Nicolaescu, L., hectures on the geometry of manifolds. Second edition. World Scientific Pub- 
lishing Co. Pte. Ltd., Hackensack, NJ, 2007. 

[27] O'Neil, R., Convolution operators and L{p, q) spaces . Duke Math. J. 30 (1963) 129-142. 

[28] Rodnianski, I., Sterbenz, J. On the Formation of Singularities in the Critical 0(3) Sigma- 
Model. Ann. of Math. (2) 172 (2010), no. 1, 187-242. 



THE CAUCHY PROBLEM FOR WAVE MAPS ON A CURVED BACKGROUND 



51 



[29] Shatah, J., Weak solutions and development of singularities of the SU(2) a-model. Comm. 
Pure Appl. Math. 41 (1988), no. 4, 459-469. 

[30] Shatah, J. and Struwc, M., Geometric wave equations. Courant Lecture Notes in Mathemat- 
ics, 2. New York University, Courant Institute of Mathematical Sciences, New York; American 
Mathematical Society, Providence, RI, 1998 

[31] Shatah, J. and Struwe, M., The Cauchy problem for wave maps, Int. Math. Res. Notices 
2002, 555-571 (2002). 

[32] Struwe, M. Equivariant wave maps in two space dimensions. Comm. Pure Appl. Math. 56 
(2003), no. 7, 815-823. 

[33] Shatah, J., Tahvildar-Zadeh, A. On the Cauchy problem for equivariant wave maps. Comm. 
Pure Appl. Math. 47 (1994), no. 5, 719-754. 

[34] Shatah, J., Tahvildar-Zadeh, A. Regularity of harmonic maps from the Minkowski space into 
rotationally symmetric manifolds. Comm. Pure Appl. Math. 45 (1992), no. 8, 947-971. 

[35] Schoen, R and Uhlenbeck, K., Boundary regularity and the Dirichlet problem for harmonic 
maps. J. Differential Geom. 18 (1983), no. 2, 253-268. 

[36] Schoen, R and Uhlenbeck, K., Approximation of Sobolev maps between Riemannian mani- 
folds, preprint (1984). 

[37] Sterbenz, J., Tataru, D. Regularity of Wave-Maps in dimension 2 -h 1. Comm. Math. Phys. 

298 (2010), no. 1, 231-264, 
[38] Sterbenz, ,1., Tataru, D. Energy dispersed large data wave maps in 2 -t- 1 dimensions. Comm. 

Math. Phys. 298 (2010), no. 1, 139-230. 
[39] Tao, T., Global regularity of wave maps. I. Small critical Sobolev norm in high dimension. 

Internal. Math. Res. Notices 2001, no. 6, 299-328. 
[40] Tao, T., Global regularity of wave maps II. Small energy in two dimensions. Comm. Math. 

Phys. 224 (2001), no. 2, 443-544. 
[41] Tao, T. Global regularity of wave maps III. Large energy from M^+^ to hyperbolic spaces. 

Preprint 2008. 

[42] Tao, T. Global regularity of wave maps IV. Absence of stationary or self-similar solutions in 
the energy class. Preprint 2008. 

[43] Tao, T. Global regularity of wave maps V. Large data local wellposedness and perturbation 
theory in the energy class. Preprint 2008. 

[44] Tao, T. Global regularity of wave maps VI. Abstract theory of minimal- energy blowup solu- 
tions. Preprint 2009 

[45] Tao, T. Global regularity of wave maps VII. Control of delocalised or dispersed solutions. 
Preprint 2009. 

[46] Tartar, L., An introduction to Sobolev spaces and interpolation spaces. Lecture Notes of the 

Unione Matematica Italiana, 3. Springer, Berlin; UMI, Bologna, 2007. 
[47] Tataru, D., Rough solutions for the wave maps equation. Amer. J. Math. 127 (2005), no. 2, 

293-377. 

[48] Tataru, D., The wave maps equation. Bull. Amer. Math. Soc. 41 (2004), no. 2, 185-204. 
[49] Tataru, D., Local and global results for wave maps. I . Comm. Partial Differential Equations 

23 (1998), no. 9-10, 1781-1793. 
[50] Tataru, D., On global existence and scattering for the wave maps equation. Amer. J. Math. 

123 (2001), no. 1, 37-77. 

[51] Tataru, D., Strichartz estimates for operators with nonsmooth coefficients and the nonlinear 
wave equation. Amer. J. Math., 122(2): 349-376, 2000. 

[52] Tataru, D., Strichartz estimates for second order hyperbolic operators with nonsmooth coef- 
ficients. II. Amer. J. Math., 123(3): 385-423, 2001. 

[53] Tataru, D., On the Fefferman- Phong inequality and related problems. Comm. Partial Differ- 
ential Equations, 27(11-12): 2101-2138, 2002. 

[54] Tataru, D. Strichartz estimates for second order hyperbolic operators with nonsmooth coeffi- 
cients, in. J. Amer. Math. Soc, 15(2): 419-442 (electronic), 2002. 

[55] Tataru, D., Phase space transforms and microlocal analysis. In Phase space analysis of partial 
differential equations. Vol. II, Pubbl. Cent. Ric. Mat. Ennio Giorgi, pages 505-524. Scuola 
Norm. Sup., Pisa, 2004. 

[56] Tataru, D., Parametrices and dispersive estimates for Schrodinger operators with variable 
coefficients. Amer. J. Math., 130(3): 571-634, 2008. 



52 



ANDREW LAWRIE 



[57] Uhlenbeck, K., Connections with bounds on curvature. Comm. Math. Phys. 83 (1982), 
no. 1, 31-42. 

Department of Mathematics, The University of Chicago, Chicago, IL 60637, U.S.A. 
E-mail address: alawrieSmath.uchicago.edu 



